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Devwudfw
Doo hpslulfdo prghov ri hduqlqjv surfhvvhv lq wkh olwhudwxuh dvvxph d
jrrg ghdo ri krprjhqhlw|1 Iru h{dpsoh/ doo dxwkruv dvvxph hlwkhu wkdw
hyhu|rqh kdv d xqlw urrw surfhvv ru wkdw hyhu|rqh kdv d vwdwlrqdu| surfhvv1
Lq frqwudvw wr wklv zh prgho hduqlqjv surfhvvhv doorzlqj iru orwv ri khw0
hurjhqhlw| ehwzhhq djhqwv1 Wr gr wklv zh kdyh wr irupxodwh d vhulhv ri
lqfuhdvlqjo| frpsoh{ surfhvvhv zklfk pdnh pd{lpxp olnholkrrg ru JPP
surfhgxuhv yhu| rqhurxv1 Wr dyrlg wklv zh xvh d vlpxodwhg plqlpxp glv0
wdqfh +VPG, hvwlpdwlrq surfhgxuh1 Wklv lv wkh uvw wlph wkdw vxfk dq
hvwlpdwru kdv ehhq dssolhg wr g|qdplf sdqho gdwd prghov1 Zh w rxu prg0
hov wr d ydulhw| ri vwdwlvwlfv lqfoxglqj prvw ri wkrvh frqvlghuhg e| suhylrxv
Zh duh judwhixo wr Pdqxho Duhoodqr/ Er Krqruì/ Klgh Lfklpxud/ Mrkq Uxvw dqg sduwlfl0
sdqwv lq wkh 5333 XN Hfrqrphwulfv Vwxg| Jurxs dqg 5334 HVHP/ Odxvdqqh iru yhu| khosixo
frpphqwv1 Zh duh judwhixo wr Phwwh Olhq Oduvhq iru uhvhdufk dvvlvwdqfh1 Wklv uhvhdufk zdv
vxssruwhg e| wkh Gdqlvk Vrfldo Vflhqfh Uhvhdufk Irxqgdwlrq +VVI,1
lqyhvwljdwruv +iru h{dpsoh/ wuhqgv lq wkh furvv0vhfwlrq yduldqfh dqg wudq0
vlwlrq suredelolwlhv iurp orz lqfrph vwdwhv,1 Wkh sulqflsdo vdpsoh zh xvh
lv ri d jurxs ri Gdqlvk pdoh zrunhuv iroorzhg iru 49 |hduv1 Wkh vdpsoh
zh gudz lv yhu| krprjhqhrxv lq whupv ri revhuydeohv vxfk dv hgxfdwlrq/
djh/ h{shulhqfh/ pdulwdo vwdwxv dqg doo kdyh ixoo |hdu/ ixoo wlph hpsor|phqw
gxulqj wkh shulrg frqvlghuhg1 Ghvslwh wklv revhuydeoh krprjhqhlw| zh qg
pxfk juhdwhu odwhqw khwhurjhqhlw| wkdq suhylrxv lqyhvwljdwruv1 Dsso|lqj
rxu phwkrgv wr d pruh khwhurjhqhrxv vdpsoh gudzq iurp wkh SVLG zh qg
d frpsohwho| glhuhqw exw vwloo yhu| khwhurjhqhrxv surfhvv lv qhhghg1 Wklv
vxjjhvwv wkdw qrw rqo| gr surfhvvhv ydu| d orw zlwklq jurxsv wkh| dovr ydu|
ehwzhhq glhuhqw vdpsohv vr wkdw ghwdlohg prghoolqj lv uhtxluhg lq hdfk
lqvwdqfh1 Zh vkrz wkdw doorzdqfh iru khwhurjhqhlw| pdnhv vxevwdqwldo gli0
ihuhqfhv wr lqihuhqfhv ri lqwhuhvw1 Iru h{dpsoh/ zh qg wkdw zrunhuv dsshdu
wr wudgh r phdq iru yduldqfh lq wkhlu fkrlfh ri hduqlqjv surfhvv1 Vxfk d
frqfoxvlrq zrxog eh uxohg rxw e| d prgho wkdw glg qrw doorz iru fruuhodwhg
khwhurjhqhlw|1
41 Lqwurgxfwlrq1
Hvwlpdwhv ri wkh hduqlqjv surfhvv idflqj lqglylgxdov dqg krxvhkrogv duh uhtxluhg
iru d qxpehu ri sxusrvhv1 Wkhvh lqfoxgh= whvwlqj ehwzhhq glhuhqw prghov ri wkh
ghwhuplqdqwv ri lqfrph glvwulexwlrq +vhh Qhdo dqg Urvhq +5333,,> ghwhuplqlqj
wkh hduqlqjv ulvn idfhg e| lqglylgxdov dqg krxvhkrogv +vhh Fduuroo dqg Vdpzlfn
+4<<:,,> prghoolqj wkh lqflghqfh dqg shuvlvwhqfh ri orz lqfrph vshoov +vhh Dwnlq0
vrq/ Erxujxljqrq dqg Pruulvvrq +4<<5,,> prghoolqj wkh wlph vhulhv yduldwlrq lq
wkh hduqlqjv glvwulexwlrq +vhh Jrwwvfkdon +4<<:,,> prghoolqj oderxu vxsso| +vhh
Derzg dqg Fdug +4<;<,,> wkh fdoleudwlrq ri frqvxpswlrq dqg vdylqj prghov dqg
g|qdplf JH prghov +vhh Eurzqlqj/ Khfnpdq dqg Kdqvhq +5333,,/ prghoolqj dq0
wlflsdwhg hduqlqjv jurzwk iru xvh lq frqvxpswlrq Hxohu htxdwlrqv +vhh Eurzqlqj
dqg Oxvdugl +4<<9,, dqg suhglfwlqj ixwxuh hduqlqjv sdwkv jlyhq lqglylgxdo lqiru0
pdwlrq +Fkdpehuodlq dqg Kludqr +4<<:,1 Zh vkdoo uhwxuq wr d glvfxvvlrq ri wkhvh
lvvxhv exw iru qrz wklv zloo vx!fh wr prwlydwh rxu lqwhuhvw lq hvwlpdwlqj hduqlqjv
surfhvvhv1
Lq Wdeoh D4 lq Dsshqgl{ Dzh suhvhqw d vxppdu| ri d qxpehu ri wkh vljqlfdqw
frqwulexwlrqv wr wkh hduqlqjv g|qdplfv olwhudwxuh1 Wzr lpsruwdqw ihdwxuhv hphujh
iurp wklv Wdeoh1 Iluvw/ zkdwhyhu wkh surfhvv fkrvhq/ rqo| olplwhg doorzdqfh lv pdgh
iru khwhurjhqhlw|1 D vhfrqg/ uhodwhg ihdwxuh lv wkdw vrph lqyhvwljdwruv dvvxph
wkdw hyhu|rqh kdv d vwdwlrqdu| surfhvv dqg rwkhuv wkdw hyhu|rqh kdv d xqlw urrw
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exw qr rqh doorzv wkdw vrph djhqwv pd| kdyh d vwdwlrqdu| surfhvv dqg rwkhuv
d xqlw urrw1 Iru d qxpehu ri uhdvrqv lw pd| eh wkdw wkh glvwlqfwlrq ehwzhhq
xqlw urrw dqg vwdwlrqdu| surfhvvhv lv qrw wrr lpsruwdqw li zh lpsrvh wkdw doo
zrunhuv duh lq rqh ru wkh rwkhu fdwhjru|1 Iluvw/ rq wkh hvwlpdwlrq vlgh/ li wkh
dxwr0uhjuhvvlyh +DU, sdudphwhu lq wkh vwdwlrqdu| prgho lv forvh wr xqlw| wkhq
zlwk d vkruw wlph vhulhv +rxu sdqho fryhuv S |hduv, lw lv gl!fxow wr glvwlqjxlvk
ehwzhhq wkh wzr surfhvvhv xqohvv zh lpsrvh hqrxjk vwuxfwxuh vr wkdw zh fdq
dovr h{sorlw wkh furvv0vhfwlrq yduldwlrq1 Vhfrqg/ lq prvw dssolfdwlrqv zh wdnh wkh
hduqlqj surfhvv wr kdyh d qlwh krul}rq +D |hduv/ vd|, vr wkdw wkh lpsdfwv ri
vkrfnv qhyhu frpsohwho| glvdsshdu hyhq iru vwdwlrqdu| surfhvv1 Ilqdoo|/ iru pdq|
xvhv ri rxu hvwlpdwhv/ lw lv wkh sdwk ri ixwxuh glvfrxqwhg hduqlqjv  rzv wkdw lv
lpsruwdqw1 Li zh wdnh d glvfrxqw udwh ri/ vd|/ wkuhh shufhqw wkhq pxfk ri wkh
glvwlqfwlrq ehwzhhq wkh cshupdqhqw* hhfwv ri vkrfnv lq d xqlw urrw surfhvv dqg lq
d vwdwlrqdu| surfhvv duh orvw1 Vxssrvh/ krzhyhu/ wkdw vrph djhqwv kdyh d xqlw urrw
dqg rwkhuv kdyh d vwdwlrqdu| surfhvv zlwk d uhodwlyho| vpdoo DU sdudphwhu1 Lq d
prgho lq zklfk zh lpsrvh wkdw hyhu|rqh kdv wkh vdph surfhvv wklv zloo olnho| ohdg
wr d frqfoxvlrq wkdw wkh frpprq surfhvv lv vwdwlrqdu| zlwk d kljk DU sdudphwhu
+dqg/ srwhqwldoo|/ wkh dsshdudqfh ri d vsxulrxv prylqj dyhudjh lq wkh huuruv vlqfh
zh duh pl{lqj khwhurjhqhrxv DU surfhvvhv,1 Lw zloo dovr ohdg wr frqvlghudeoh eldv
lq wkh hvwlpdwlrq ri wkh phdq orqj uxq hhfwv ri dq hduqlqjv vkrfn1
Dv zh vkdoo vhh ehorz/ vlpsoh surfhvvhv zlwk olplwhg khwhurjhqhlw| duh xqdeoh
wr dffrxqw iru wkh revhuyhg idfwv1 Wkhuh duh wzr eurdg uhdfwlrqv wr wklv= zh
frxog doorz iru pruh frpsolfdwhg surfhvvhv +vhh Phjklu dqg Slvwdihuul +5334,, ru
zh frxog doorz iru pruh khwhurjhqhlw|1 Lw lv wkh odwwhu olqh wkdw zh iroorz eh0
orz1 Rwkhu lqyhvwljdwruv kdyh dovr iroorzhg wklv sdwk exw lq d olplwhg idvklrq1 Lq
sduwlfxodu/ lw lv dozd|v dvvxphg wkdw hyhu|rqh kdv wkh vdph surfhvv/ exw zlwk/
iru lqvwdqfh/ glhuhqw phdqv dqg2ru yduldqfhv41 Zh duh vfhswlfdo wkdw hyhu|rqh
kdv wkh vdph surfhvv zlwk pxfk wkh vdph sdudphwhuv1 Udwkhu lw pd| eh wkdw
glhuhqw djhqwv kdyh glhuhqw surfhvvhv 0 vrph zlwk d xqlw urrw/ vrph zlwk d
vwdwlrqdu| DU+4, dqg rwkhuv zlwk dq PD+4, surfhvv/ iru h{dpsoh1 Pl{lqj iurp
glhuhqw srsxodwlrqv zlwk glhuhqw surfhvvhv lv nqrzq wr ohdg wr pruh frpsol0
fdwhg surfhvvhv li wkh srrohg gdwd lv wuhdwhg dv krprjhqhrxv1 Jlyhq wklv/ rxu
dssurdfk lv wr doorz iru d jrrg ghdo pruh khwhurjhqhlw| wkdq suhylrxv lqyhvwljd0
wruv1 Zh vkdoo vkrz wkdw prghov wkdw rqo| doorz iru khwhurjhqhlw| lq wkh ohyhov
4Wklv lv dovr wuxh ri wkh codujh W / odujh Q * sdqho gdwd olwhudwxuh rq xqlw urrwv zklfk dozd|v
whvwv ehwzhhq hyhu|rqh kdylqj d xqlw dqg qr rqh kdylqj d xqlw urrw/ vhh Edowdjl dqg Ndr +5333,
iru d uhfhqw vxuyh|1
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shuirup yhu| srruo|1 Zh wkhq vkrz wkdw wkhuh lv vrph lpsuryhphqw li zh doorz
iru xqfruuhodwhg khwhurjhqhlw| +cudqgrp frh!flhqwv* ru cudqgrp hhfwv*, lq fhuwdlq
glphqvlrqv exw wklv vwloo grhv qrw wdnh xv yhu| idu wrzdugv d vdwlvidfwru| w wr wkh
gdwd1 Wkxv zh kdyh wr doorz iru fruuhodwhg khwhurjhqhlw| zklfk jlyhv ulvh wr wkh
xvxdo clqlwldo frqglwlrqv* sureohp +vhh/ iru h{dpsoh/ Kvldr +4<;9,/ fkdswhu 7,1 Zh
dgrsw wkh dssurdfk ri doorzlqj wkdw wkh xqrevhuyhg khwhurjhqhlw| lv d sdudphwulf
udqgrp ixqfwlrq ri wkh lqlwldo frqglwlrqv +vhh/ iru h{dpsoh/ Fkdpehuodlq +4<;3,/
Dqghuvrq dqg Kvldr +4<;5,/ Eoxqghoo dqg Vplwk +4<<3, dqg Zrrogulgjh +5333,,1
Iru h{dpsoh/ iru d vwdwlrqdu| DU+4, surfhvv zlwk glhuhqw phdqv iru hdfk djhqw
zh pljkw doorz wkdw wkh phdq lv d ixqfwlrq ri wkh lqlwldo ydoxhv soxv d udqgrp
glvwxuedqfh whup1 Sdudphwulf prghoolqj ri fruuhodwhg khwhurjhqhlw| kdv d qxp0
ehu ri dgydqwdjhv1 Iluvw/ lw fdq dffrpprgdwh vwdwlrqdu| prghov zlwk wkh lqlwldo
frqglwlrqv jlyhq e| wkh surfhvv dv d vshfldo fdvh/ exw lw lv qrw uhvwulfwhg wr wklv1
Wklv lv sduwlfxoduo| xvhixo li wkh prgho lv/ lq idfw/ qrq0vwdwlrqdu| vlqfh wkhq wkh
lqlwldo ydoxhv gr qrw kdyh d glvwulexwlrq wkdw lv uhdglo| uhodwhg wr wkh surfhvv1 D
vhfrqg dgydqwdjh ri wklv zd| ri lqfrusrudwlqj khwhurjhqhlw| lv wkdw lw lv hdv| wr
lpsohphqw1 Wklv lv lpsruwdqw lq rxu frqwh{w vlqfh zh vkdoo eh xqghuwdnlqj d jrrg
ghdo ri h{sorudwru| dqdo|vlv1 D wklug dgydqwdjh lv wkdw zh fdq hvwdeolvk frqvlv0
whqf| ri rxu hvwlpdwru dv wkh qxpehu ri furvv0vhfwlrq xqlwv lqfuhdvhv/ kroglqj wkh
qxpehu ri wlph shulrgv frqvwdqw1 Wkdw lv/ wklv dyrlgv wkh clqflghqwdo sdudphwhuv*
sureohp hyhq zkhq zh fdqqrw glhuhqfh dzd| wkh odwwhu1 D qdo dqg lpsruwdqw
dgydqwdjh/ zklfk lv sduwlfxoduo| hpskdvlvhg e| Zrrogulgjh +5333,/ lv wkdw wklv
surfhgxuh doorzv xv wr jhqhudwh txdqwlwdwlyh suhglfwlrqv frqvhtxhqw rq d fkdqjh
lq wkh xqghuo|lqj surfhvv1 Iru h{dpsoh/ vxssrvh wkh jryhuqphqw lqwurgxfhv d qhz
srolf| wkdw uhgxfhv wkh vkruw uxq furvv0vhfwlrq yduldqfh ri hduqlqjv +iru h{dpsoh/
e| lqfuhdvlqj lqfrph wd{ surjuhvvlylw|,1 H{dpsohv ri rxwfrphv wkdw zh duh lqwhu0
hvwhg lq duh wkh frqvhtxhqw fkdqjhv lq wkh glvwulexwlrq ri vkruw uxq dqg orqj uxq
ulvn idflqj dq cdyhudjh* krxvhkrog dqg wkh shuvlvwhqfh ri sryhuw|1 Wr fdofxodwh
wkhvh iurp wkh hvwlpdwhv ri wkh lqglylgxdo hduqlqjv surfhvvhv uhtxluhv pruh wkdq
frqvlvwhqw hvwlpdwhv ri wkh frpprq sdudphwhuv ri wkh surfhvvhv/ lw dovr uhtxluhv d
h{solflw vshflfdwlrq ri wkh khwhurjhqhlw|15 Li zh nqrz wkh ixqfwlrqdo uhodwlrqvkls
ehwzhhq khwhurjhqhlw| dqg lqlwldo frqglwlrqv wkhq zh fdq fdofxodwh wkh uhtxluhg
rxwfrphv1 Wkh pdlq glvdgydqwdjh ri wkh sdudphwulf dssurdfk/ dv frpsduhg zlwk
d vhpl0sdudphwulf dssurdfk +zklfk zrxog dovr jlyh frqvlvwhqf| dv wkh qxpehu ri
furvv0vhfwlrq xqlwv ehfrphv odujh, lv suhflvho| wkdw zh kdyh wr pdnh sdudphwulf
5Ri frxuvh/ wkhuh pd| dovr eh jhqhudo htxloleulxp hhfwv iurp vxfk d fkdqjh1 Zh duh khuh
lpsolflwo| pdnlqj zkdwhyhu dqfloodu| dvvxpswlrqv duh qhhghg rq zkdw hovh lv ehlqj khog frqvwdqw1
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dvvxpswlrqv1 Wkh glvflsolqh khuh lv wkdw wkh qdo prgho kdv wr w d zlgh udqjh ri
glhuhqw vwdwlvwlfv1
Wkhuh duh wkuhh eurdg dssurdfkhv wr wkh hfrqrphwulf dqdo|vlv lq wklv frqwh{w1
Rqh rswlrq lv wr uvw frqgxfw dq dqdo|vlv ri wlph vhulhv rq hdfk shuvrq dqg wkhq wr
xvh wklv wr jhqhudwh d prgho ri xqrevhuyhg khwhurjhqhlw| xvlqj sdudphwulf glvwul0
exwlrqv iru wkh xqnqrzq sdudphwhuv 0 d cerwwrp0xs* dssurdfk1 Wkh sureohp zlwk
iroorzlqj wklv vwudwhj| lv wkdw wkh lqglylgxdo hvwlpdwhv vxhu iurp frqvlghudeoh
vpdoo vdpsoh dqg hqgrjhqhlw| eldvhv1 Lw pljkw eh srvvleoh wr lpsohphqw dqdo|wlf
ru vlpxodwlrq edvhg vpdoo vdpsoh fruuhfwlrqv wr wkh hvwlpdwruv surshuwlhv +vhh/
iru h{dpsoh/ Vkdpdq dqg Vwlqh +4<;;d dqg 4<;;e,/ Nlylhw dqg Nuçphu +4<<5, ru
Nlylhw dqg Skloolsv +4<<;,, exw wkhvh fruuhfwlrqv lpsrvh vwurqjhu dvvxpswlrqv rq
wkh glvwulexwlrqdo surshuwlhv ri wkh huuruv wkdq wkrvh zh zrxog olnh wr lpsrvh d
sulrul1 D vhfrqg dowhuqdwlyh lv wr vshfli| d jhqhudo mrlqw glvwulexwlrq ri sdudphwhuv
dqg wkhq/ xvlqj hlwkhu frqglwlrqdo pd{lpxp olnholkrrg +FPO, ru JPP/ wr cwhvw
grzq* wr d pruh sduvlprqlrxv prgho1 Wkh pdlq sureohp zlwk wklv dssurdfk lv
wkdw zh gr qrw kdyh dq| sulru lghd dw doo derxw wkh glvwulexwlrq ri wkh sdudphwhuv1
Zklfk sdudphwhuv vkrxog eh khwhurjhqrxv dqg zkdw +mrlqw, glvwulexwlrq vkrxog
zh wdnh iru wkhpB Qrzkhuh lq wkh olwhudwxuh lv wkhuh dq| lqglfdwlrq ri krz wr qg
d vwduwlqj jhqhudo glvwulexwlrq1 Wkh wklug jhqhudo dssurdfk/ zklfk zh iroorz khuh/
lv wr frqgxfw dq h{solflw h{sorudwru| dqdo|vlv ri d vhulhv ri prghov vwduwlqj zlwk
+uhvwulfwhg, frqvhqvxv prghov dqg prylqj wr pruh jhqhudo prgho lq d vhulhv ri
vwhsv1 Dw hdfk vwdjh wkh jhqhudolvdwlrq lv fkrvhq wr ghdo zlwk wkh zruvw hpslulfdo
idlolqj ri wkh fxuuhqw prgho +d cuh jkwlqj* vwudwhj|,1 Wklv surfhgxuh lv qrw/ ri
frxuvh/ sdwk lqghshqghqw +zklfk lv jhqhudoo| wuxh ri dq| h{sorudwru| dqdo|vlv, exw
li/ dv zh gr/ zh hqg xs zlwk d prgho wkdw fdswxuhv doo ri wkh glhuhqw dvshfwv
ri wkh gdwd wkh olwhudwxuh kdv frqvlghuhg wkhq lw pd| eh vdwlvidfwru|1 Ri frxuvh/
wkhuh pd| eh rwkhu jhqhudo prghov wkdw gr dv zhoo dqg wkhq lghqwlfdwlrq zrxog
uhtxluh wkh xvh ri dgglwlrqdo lqirupdwlrq1
Wklv h{sorudwru| dssurdfk uhtxluhv wkh wwlqj ri d uhodwlyho| odujh qxpehu ri
pruh dqg pruh frpsolfdwhg prghov1 Wr w wkhvh prghov zh xvh zkdw kdv frph
wr eh nqrzq dv Vlpxodwhg Plqlpxp Glvwdqfh +VPG,1 Wklv zdv uvw lqwurgxfhg
lq Ohh dqg Lqjudp +4<<3, lq d wlph vhulhv frqwh{w1 Lw lv dovr xvhg lq Gx!h
dqg Vlqjohwrq +4<<6, lq dq dvvhw sulflqj prgho xvlqj wlph vhulhv gdwd dqg Kdoo
dqg Uxvw +4<<<, +zkr vxjjhvw wkh whup VPG, zkr hpsor| lw lq d wlph vhulhv
prgho zlwk vdpsoh edvhg revhuydwlrqv1 Lw lv forvho| uhodwhg wr rwkhu vlpxodwlrq
phwkrgv vxfk dv wkh Phwkrg ri Vlpxodwhg Prphqwv +vhh Vwhuq +4<<:,,> lqgluhfw
lqihuhqfh +vhh Jrxulhurx{/ Prqiruw dqg Uhqdxow +4<<6,, dqg H!flhqw Phwkrg ri
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Prphqwv +vhh Jdoodqw dqg Wdxfkhq +4<<9,,1 Dv idu dv zh dzduh wklv lv wkh uvw
dssolfdwlrq ri VPG wr sdqho gdwd1 VPG surfhhgv lq d qxpehu ri vwhsv1 Iluvw
zh fdofxodwh vrph czhoo fkrvhq* vwdwlvwlfv ri wkh gdwd +wkhvh duh nqrzq dv vdpsoh
dx{loldu| sdudphwhuv,1 Li zh gr qrw nqrz wkh gdwd jhqhudwlqj surfhvv wkhq wkhvh
vdpsoh dx{loldu| sdudphwhuv kdyh dq xqnqrzq suredelolw| olplw +dv wkh qxpehu
ri furvv0vhfwlrq xqlwv ehfrphv odujh,1 Qh{w zh wdnh d sdudphwulf prgho iru wkh
gdwd jhqhudwlqj surfhvv dqg vlpxodwh iru d sduwlfxodu sdudphwhu ydoxh1 Wkhq zh
fdofxodwh wkh ydoxh ri wkh dx{loldu| sdudphwhuv iru wkh vlpxodwhg gdwd1 Li wkh
prgho lv zhoo fkrvhq lq d fhuwdlq zhoo ghqhg vhqvh dqg zh kdyh wkh cfruuhfw* ydoxh
iru wkh prgho sdudphwhuv wkhq wkhvh vlpxodwhg dx{loldu| sdudphwhuv kdyh wkh
vdph +xqnqrzq, suredelolw| olplw dv wkh vdpsoh dx{loldu| sdudphwhuv1 Wkh VPG
hvwlpdwru ri wkh prgho sdudphwhuv lv wkhq wkh ydoxh ri wkh prgho sdudphwhuv wkdw
plqlplvhv wkh zhljkwhg glvwdqfh ehwzhhq wkh vdpsoh dx{loldu| sdudphwhuv dqg wkh
vlpxodwhg dx{loldu| sdudphwhuv1
Wkhuh duh vhyhudo dgydqwdjhv wr xvlqj VPG udwkhu wkdq FPO ru JPP whfk0
qltxhv1 Wkh pdlq dgydqwdjh lv wkdw lw lv yhu| hdv| wr xvh vlqfh zh qhhg wr frqgxfw
rqo| lqirupdo sulru dqdo|vlv ri wkh uhodwlrqvkls ehwzhhq wkh prgho dqg wkh gdwd
vxemhfw wr wkh lghqwli|lqj frqglwlrqv glvfxvvhg ehorz zklfk uhtxluh wkdw wkh dx{lo0
ldu| sdudphwhuv fkrvhq eh cuhohydqw*1 Wklv lv sduwlfxoduo| lpsruwdqw lq h{sorudwru|
dqdo|vlv lq zklfk zh h{dplqh d qxpehu ri txlwh glhuhqw prghov lq rughu wr fdswxuh
wkh khwhurjhqhlw| lq wkh surfhvvhv1 Dowkrxjk lw lv srvvleoh wr ghulyh d olnholkrrg
ixqfwlrq iru hdfk prgho zh frqvlghu/ lw zrxog eh yhu| dugxrxv1 Lw zrxog dovr
eh glvkhduwhqlqj vlqfh zh w|slfdoo| glvfdug dq| prgho txlwh txlfno|1 D vhfrqg
dqg forvho| uhodwhg dgydqwdjh lv wkdw VPG fdq eh xvhg hyhq zkhq wkh olnholkrrg
ixqfwlrq lv yhu| gl!fxow +ru hyhq lpsrvvleoh, wr irupxodwh1 Iru h{dpsoh/ lq wkh
prghov ehorz zh zlvk wr pdnh doorzdqfh iru frqvlghudeoh fruuhodwhg khwhurjhqh0
lw|1 Olnholkrrg ixqfwlrqv iru wklv duh qrw hdvlo| ghulyhg1 D wklug dgydqwdjh lv
wkdw zh fdq w wr wkh vwdwlvwlfv ri wkh gdwd wkdw duh ri gluhfw vxevwdqwlyh lqwhuhvw1
Iru h{dpsoh/ iru hduqlqjv surfhvvhv zh riwhq lqwhuhvwhg lq wkh g|qdplfv ri orz
hduqlqjv vshoov vr vwdwlvwlfv wkdw fdswxuh wklv duh qdwxudo fkrlfhv wr lqfoxgh lq rxu
vhw ri dx{loldu| sdudphwhuv1 D irxuwk dgydqwdjh lv wkdw zkhq d vlpsohu prgho wv
edgo| wkh VPG surfhgxuh riwhq vxjjhvwv d yhu| qdwxudo glphqvlrq lq zklfk wr
jhqhudolvh wkh prgho1 Ilqdoo|/ VPG grhv suhfoxgh wkh xvh ri pruh frqyhqwlrqdo
whfkqltxhv1 Rqfh d sduwlfxodu prgho kdv ehhq vhohfwhg wkdw wv wkh gdwd zhoo lq
doo wkh glphqvlrqv frqvlghuhg zh fdq dgrsw/ vd|/ d frqglwlrqdo PO vfkhph iru wkh
qdo hvwlpdwlrq1 Ri frxuvh/ wkhuh duh dovr gudzedfnv1 Wkh uvw ri wkhvh lv wkdw zh
qhhg wr vshfli| d vhw ri dx{loldu| sdudphwhuv wr w wr/ zklfk kdv d fhuwdlq dg krf
9
txdolw|1 Vhfrqg/ wkh surfhgxuh lv lqh!flhqw uhodwlyh wr pd{lpxp olnholkrrg +wkdw
lv/ lw zloo qrw jhqhudoo| dwwdlq wkh FU orzhu erxqg,1 Rxu ihholqj lv wkdw h!flhqf|
lv ri ohvv lpsruwdqfh zkhq zh duh lq d vwdwh ri ljqrudqfh dqg wkdw lw lv ehwwhu wr
kdyh dq lqh!flhqw hvwlpdwru ri d prgho wkdw wv zhoo udwkhu h!flhqw hvwlpdwhv ri
d srruo| wwlqj prgho1
Wkh hvwlpdwlrq phwkrg ghvfulehg deryh lv dssolhg wr wkh vwxg| ri wzr vdpsohv1
Wkh uvw lv d vdpsoh ri pdoh zrunhuv gudzq iurp Gdqlvk dgplqlvwudwlyh gdwd iurp
4<;4 wr 4<<91 Wkhvh gdwd kdyh d qxpehu ri dgydqwdjhv zklfk zloo eh glvfxvvhg
ehorz/ exw iru qrz zh vlpso| qrwh wkdw dowkrxjk zh gudz d yhu| krprjhqhrxv dqg
edodqfhg sdqho ri zrunhuv/ wkh qxpehu ri furvv0vhfwlrqv xqlw lv odujh +2b, dqg wkh
wlph vhulhv glphqvlrq lv dovr uhodwlyho| orqj +An ’ S,1 Pruhryhu/ wkhvh gdwd duh
gudzq iurp dgplqlvwudwlyh dqg wd{ uhfrugv dqg duh olnho| wr eh ohvv vxvfhswleoh wr
phdvxuhphqw huuru wkdq vxuyh| lqirupdwlrq1 Zh dovr suhvhqw frpsdulvrq uhvxowv
rq d pxfk ohvv krprjhqhrxv vdpsoh gudzq iurp wkh X1V1 SVLG1 Wklv lv d vdpsoh
ri .b2 zrunhuv revhuyhg iru S |hduv ryhu wkh shulrg 4<9; wr 4<<;1
Wkh pdlq uhvxow ri wkh hpslulfdo dqdo|vlv lv wkdw hyhq iru wkh yhu| krprjhqrxv
Gdqlvk vdpsoh/ wkhuh lv pxfk pruh khwhurjhqhlw| wkdq suhylrxv uhvhdufkhuv kdyh
doorzhg iru1 Zh dovr qg wkdw zh qhhg d glhuhqw surfhvv iru wkh Gdqlvk vdpsoh
wkdq iru wkh SVLG vdpsoh1 Iru wkh Gdqlvk vdpsoh zh irxqg d xqlw urrw iru
hyhu|rqh/ doehlw zlwk yhu| khwhurjhqhrxv sdudphwhuv1 Iru wkh SVLG vdpsoh/ zh
qhhg wr doorz iru d pl{wxuh ri djhqwv zlwk d xqlw urrw dqg vrph zlwk d vwdwlrqdu|
surfhvv1 Zh wkhq jr rq wr vkrz wkdw wkh dgglwlrqdo khwhurjhqhlw| zh qg kdv d
vxevwdqwldo lpsdfw rq rxwfrphv ri vxevwdqwlyh lqwhuhvw1
Lq wkh qh{w vhfwlrq zh glvfxvv wkh irupdolwlhv ri wkh VPG hvwlpdwru1 Lq vhfwlrq
6 zh glvfxvv wkh fkrlfh ri prghov dqg zklfk dx{loldu| sdudphwhuv wr fkrrvh iru wkh
VPG hvwlpdwlrq vwhs1 Zh dovr suhvhqw uhvxowv iurp d Prqwh Fduor vwxg| wkdw xvhv
vlpxodwhg gdwd wkdw uhsolfdwhv wkh pdlq ihdwxuhv ri wkh gdwd xvhg lq wkh hpslulfdo
vhfwlrq1 Lq vhfwlrq 7 zh glvfxvv wkh gdwd zh xvh1 Lq vhfwlrq 8 zh suhvhqw uhvxowv1
Vhfwlrq 9 suhvhqwv dq dqdo|vlv ri zkhwkhu doorzlqj iru khwhurjhqhlw| pdnhv pxfk
glhuhqfh iru vrph vhohfwhg duhdv ri vxevwdqwlyh lqwhuhvw1
51 Vlpxodwhg plqlpxp glvwdqfh +VPG,1
Lq wklv vhfwlrq/ zh suhvhqw d vlpxodwhg plqlpxp glvwdqfh hvwlpdwru +VPG, iru wkh
sdudphwhuv ri d prgho ri wkh lqglylgxdo lqfrph surfhvv1 Wr prwlydwh wkh xwlolw|
ri wkh phwkrg/ vxssrvh zh kdyh d vdpsoh E+

c c +M
 zkhuh + ’ E+fc +c c +A 
iru EA n shulrgv rq hdfk ri M djhqwv dqg zh vshfli| d prgho iru wkh lqglylgxdo
:
lqfrph jlyhq e| d uvw rughu Pdunry surfhvv=
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f
E+|m+c|3( wj|'Ac'M zlwk +f jlyhq +514,
zkhuh w lv d &0yhfwru ri sdudphwhuv lq d frpsdfw vsdfhX1 Wkh prgho lv dvvxphg wr
eh fruuhfwo| vshflhg lq wkh vhqvh wkdw wkhuh h{lvwv d ydoxh ri wkh sdudphwhuv w ’ w
f
vxfk wkdw s
f
E+|m+c|3( wf lv wkh wuxh jhqhudwlqj surfhvv1 Jlyhq wklv/ zh frxog
dsso| pd{lpxp olnholkrrg +PO, surfhgxuhv ru phwkrg ri prphqw +PRP, sur0
fhgxuhv wr jhqhudwh dq hvwlpdwru iru w
f
1 Iru h{dpsoh/ vxssrvh wkdw wkh frqglwlrqdo
glvwulexwlrq jlyhq lq +514, lpsolhv d vhw ri ^ + &, prphqw frqglwlrqv rq dq| uhdol0
vdwlrq iru rqh xqlw/ +/ zklfk wdnhv wkh irupC E+c w
f
 ’ f1 Iru wkh vdpsoh ghvfulehg
deryh/ zh wdnh wkh hpslulfdo dqdorjxh ri wklv/ CM Ew ’ M
3
SM
'C E+c w dqg
ghqh wkh PRP hvwlpdwru=
	w ’ @h}4?
w
mmCM Ew mm +515,
iru vrph glvwdqfh ixqfwlrq mmmm1 Li ^ ’ & wkhq zh ghqh wkh PRP hvwlpdwru
lpsolflwo| e|CM

	w

’ f1 Vrphwlphv wkh hydoxdwlrq riCM Ew lv yhu| rqhurxv
dqg zh pxvw kdyh uhfrxuvh wr phwkrgv wkdw uho| rq vlpxodwlrq1 Lq wklv fdvh
zh uhsodfh CM Ew e| dq xqeldvhg vlpxodwru CM Ew/ zkhuh wkh vlpxodwru lv iru
wkh prgho jlyhq lq +514,1 Wklv jlyhv wkh Phwkrg ri Vlpxodwhg Prphqwv +PVP,
hvwlpdwru=
	w7 ’ @h}4?
w
mm CM Ew mm +516,
Vhh Sdnhv dqg Sroodug +4<;<, dqg PfIdgghq +4<;<, iru wkh ruljlqdo dqdo|vhv dqg
Vwhuq +4<<:, iru d vxuyh| ri wkh vxevhtxhqw olwhudwxuh1
Wkh PRP dqg PVP phwkrgv uho| rq ehlqj deoh vshfli| s
f
E dqg wr ghulyh
lpsolhg prphqwv C E1 Vrphwlphv wklv lv yhu| gl!fxow ru wkh uhvxowlqj prphqw
frqglwlrqv duh lqwudfwdeoh1 Lq wklv fdvh/ lw pd| eh srvvleoh wr uhsodfh wkh wuxh
prgho zlwk dq dx{loldu| prgho wkdw lv cforvh* wr wkh wuxh prgho dqg wr zrun
zlwk wkdw1 Wklv lv wkh prwlydwlrq iru wkh forvho| uhodwhg dqdo|vhv ri Ohh dqg
Lqjudp +4<<4,/ Gx!h dqg Vlqjohwrq +4<<6,/ Jdoodqw dqg Wdxfkhq +4<<9, +JW,/
Jrxulhurx{/ Prqiruw dqg Uhqdxow +4<<6, +JPU, dqg Kdoo dqg Uxvw +4<<<, +KU,1
Wkhvh sdshuv doo suhvhqw yduldqwv ri zkdw KU whup Vlpxodwhg Plqlpxp Glvwdqfh
+VPG,1 Irupdoo|/ PVP lv dovr zlwklq wkh fodvv ri VPG hvwlpdwruv vlqfh zh fdq
dozd|v wdnh wkh cwuxh* prgho dv wkh dx{loldu| prgho1 Wr hoxflgdwh krz VPG
jhqhudolvhv PVP/ zh jlyh wzr ohdglqj h{dpsohv16 Frqvlghu uvw d wlph vhulhv prgho
6Wkhvh h{dpsohv duh looxvwudwlyh rqo|1 Iru erwk ri wkhp zh zrxog xvxdoo| xvh pd{lpxp
olnholkrrg ru JPP1
;
lq zklfk zh zlvk wr hvwlpdwh wkh sdudphwhuv ri dq E surfhvv1 PVP wdnhv
wkh E dqg qgv dvvrfldwhg prphqw frqglwlrqv dqg wkhq xvhv d vlpxodwru iru
wkhvh prphqw frqglwlrqv1 Lq frqwudvw/ dq VPG hvwlpdwru zrxog wdnh dq dx{loldu|
prgho vxfk dv dq - E2 surfhvv dqg wkhq pdwfk hvwlpdwhv ri wklv prgho iurp wkh
gdwd dqg iurp d vlpxodwru jhqhudwhg xqghu wkh E dvvxpswlrq1 Dv d vhfrqg
h{dpsoh/ frqvlghu d pxowlqrpldo Surelw prgho1 Lq wklv fdvh pd{lpxp olnholkrrg
uhtxluhv wkh hydoxdwlrq ri d kljk glphqvlrqdo lqwhjudo dqg zh qhhg wr idoo edfn
rq vlpxodwlrq1 Wklv uhtxluhv dq xqeldvhg vlpxodwru iru wkh fkrlfh suredelolwlhv
xqghu wkh Qrupdo dvvxpswlrq1 Jlyhq vxfk d vlpxodwru/ zh zrxog frqvwuxfw dq
PVP hvwlpdwru edvhg rq wkh prphqwv lpsolhg e| wkh pxowlqrpldo prgho +vhh/ iru
h{dpsoh/ Vwhuq +4<<:,/ htxdwlrq +515:,,1 Dq dowhuqdwlyh VPG hvwlpdwru frxog eh
edvhg rq/ iru h{dpsoh/ olqhdu suredelolw| +ROV, hvwlpdwhv iru hdfk fkrlfh +h{fhsw
wkh odvw rqh,1 Wkxv zh zrxog hvwlpdwh wkh sdudphwhuv ri wkhvh htxdwlrqv iru wkh
gdwd dqg wkhq fkrrvh prgho sdudphwhuv wr jlyh wkh vdph sdudphwhuv zkhq zh
hvwlpdwh rq vlpxodwhg gdwd7/ zkhuh wkh vlpxodwlrqv duh edvhg rq wkh pxowlqrpldo
Surelw prgho1
Lq rxu hpslulfdo zrun zh dovr xvh VPG exw rxu prwlydwlrq iru xvlqj lw lv
vrphzkdw glhuhqw iurp wkh sdshuv phqwlrqhg deryh1 Zh vwduw iurp wkh srvlwlrq
lq zklfk zh kdyh doprvw qr lghd ri wkh irup ri wkh wuxh jhqhudwlqj surfhvv1
Iru h{dpsoh/ hyhq li zh dvvxph wkdw hyhu|rqh kdv wkh vdph qlwh sdudphwhu
surfhvv zh pljkw doorz wkdw wkh sdudphwhuv ri wklv surfhvv ydu| dfurvv zrunhuv1
Wkh txhvwlrq wkdw wkhq dulvhv lv krz zh vkrxog doorz iru +srvvleo| fruuhodwhg,
khwhurjhqhlw|> wkh srvvlelolwlhv duh olwhudoo| zlwkrxw olplw dqg wkh fxuuhqw olwhudwxuh
jlyhv doprvw qr jxlgh vlqfh lw doorzv vr olwwoh khwhurjhqhlw|1 Jlyhq wklv zh kdyh wr
frqgxfw dq h{sorudwru| dqdo|vlv zklfk lqyroyhv irupxodwlqj dqg hvwlpdwlqj d vhulhv
ri lqfuhdvlqjo| jhqhudo prghov xqwlo zh qg d vdwlvidfwru| prgho1 Wkhvh prghov
riwhq lqyroyh lqwhjudwlrq dfurvv wkh pxowlsoh glphqvlrqv ri wkh khwhurjhqhlw|1 Lq
wklv fdvh/ lw lv surklelwlyho| wlph dqg hqhuj| frqvxplqj wr jhqhudwh d vhulhv ri
PO prghov rqo| wr glvfdug wkhp doprvw lpphgldwho| zkhq wkh| idlo wr cw* wkh
gdwd1 Htxdoo|/ zh vkdoo wuhdw frqfhuqv uhjduglqj h!flhqf| dv ehlqj ri vhfrqg
rughu lpsruwdqfh lq wkh h{sorudwru| skdvh/ uhodwlyh wr wwlqj zhoo pdq| glhuhqw
dvshfwv ri wkh gdwd1 Zh vxjjhvw xvlqj d pruh h!flhqw hvwlpdwlrq surfhgxuh rqfh d
suhihuuhg prgho kdv ehhq irxqg1 Zh qrz ghvfuleh wkh pdlq vwhsv lq wkh hvwlpdwlrq
phwkrg1
7Zh uhtxluh htxdolw| vlqfh zh kdyh dv pdq| hvwlpdwhg sdudphwhuv dv prgho sdudphwhuv +wkdw
lv/ t @ n,1
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5141 Vdpsoh dx{loldu| sdudphwhuv1
Wkh uvw vwhs lq wkh VPG surfhgxuh lv wr vshfli| d vhw ri ^ vdpsoh dx{loldu| sdud0
phwhuv +wr xvh wkh whuplqrorj| ri JPU,1 Wkhvh duh vlpso| vwdwlvwlfv ri wkh gdwd/
ghqrwhg e| wkh ^0yhfwru 	 E+

c c +M  Iru wkh JPU Lqgluhfw Lqihuhqfh surfhgxuh
wkh dx{loldu| sdudphwhuv duh pd{lplvhuv ri d jlyhq gdwd ghshqghqw fulwhulrq zklfk
frqvwlwxwhv dq dssur{lpdwlrq wr wkh wuxh GJS1 Lq wkh JW dssurdfk wkh dx{loldu|
sdudphwhuv duh gdwd ghshqghqw ixqfwlrqv wkdw pd{lplvh d cvfruh jhqhudwru* +txdvl0
olnholkrrg ixqfwlrq, zklfk qhvwv wkh wuxh prgho1 Wklv w|slfdoo| lqyroyhv wdnlqj d
 h{leoh +lqvwuxphqwdo, prgho zlwk d odujh qxpehu ri sdudphwhuv wkdw surylghv d
jrrg dssur{lpdwlrq wr dq| glvwulexwlrq wkrxjkw srvvleoh +wklv lv fdswxuhg lq dq
hpehgglqj dvvxpswlrq glvfxvvhg ehorz,1 Lq KU wkh dx{loldu| sdudphwhuv duh vlp0
so| czhoo0fkrvhq* vwdwlvwlfv ri wkh gdwd> wklv lv wkh eurdg dssurdfk zh dgrsw18 Wkh
fhqwudo lghd iru VPG/ dv hpskdvlvhg e| KU/ lv yhu| forvh wr fdoleudwlrq1 Jlyhq wkh
prgho dqg fkrlfh ri sdudphwhuv zh fdq jhqhudwh prgho dx{loldu| sdudphwhuv1 Zh
wkhq fkrrvh wkh sdudphwhuv ri wkh prgho wr jlyh d ehvw w wr wkh vdpsoh dx{loldu|
sdudphwhuv1 Wkh lpsruwdqw frqfhswxdo srlqw lv wkdw hyhq li wkh suredelolw| olplwv
ri wkh dx{loldu| sdudphwhuv xqghu wkh wuxh GJS duh xqnqrzq/ lw lv vwloo srvvleoh
wr hvwlpdwh wkh sdudphwhuv ri wkh wuxh prgho xqghu d vhw ri dvvxpswlrqv1 Lq wkh
iroorzlqj zh zloo vwdwh wkh dvvxpswlrqv qhhghg1
Lq rxu sdqho gdwd dssolfdwlrq wkh dx{loldu| sdudphwhuv wdnh d c{hg A * furvv0
vhfwlrq phdq irup=
	 E+

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zkhuh 6E lv d yhfwru ydoxhg ixqfwlrq ri wkh A n  wlph vhulhv uhdolvdwlrqv iru d
jlyhq djhqw +1 Wkh uvw dvvxpswlrq frqfhuqv lqghshqghqfh dfurvv furvv0vhfwlrq
xqlwv19
Dvvxpswlrq D4
Wkh yhfwruv ri revhuydwlrqv + duh lqghshqghqw dfurvv furvv0vhfwlrq xqlwv
Pruhryhu zh dovr dvvxph wkdw wkh dx{loldu| sdudphwhuv kdyh dq h{shfwdwlrq
dqg d fryduldqfh pdwul{ xqghu wkh wuxh glvwulexwlrq1
Dvvxpswlrq D5
Wkh dx{loldu| sdudphwhuv/ 	c kdyh h{shfwdwlrqv dqg d fryduldqfh pdwul{ xqghu
wkh wuxh glvwulexwlrq ghqhg e|=
8Wr uhfrqfloh wklv zlwk wkh JPU dssurdfk wdnh wkh gdwd ghshqghqw fulwhulrq ixqfwlrq wr eh
TK>W @ +a  ,
3+a  , dqg pd{lplvh wklv zlwk uhvshfw wr  1
9Lq wkh hpslulfdo dssolfdwlrq zh zloo uhod{ wklv dvvxpswlrq dqg doorz iru wlph hhfwv1
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f Ewf ’ .fE	 E+c c +M +518,
Tf Ewf ’ T @ofE	 E+c c +M +519,
zkhuh .f dqg T @of ghqrwh wkh h{shfwdwlrq dqg wkh fryduldqfh pdwul{ zlwk uhvshfw
wr wkh wuxh glvwulexwlrq sfE( wf1
Zh whup f Ewf wkh srsxodwlrq dx{loldu| sdudphwhu1 Qrwh wkdw dvvxpswlrqv
D4 dqg D5 lpso| wkdw=
R *4
M<"
	 E+c c +M ’ f Ewf +51:,
vr wkdw 	 E+c c +M lv d frqvlvwhqw hvwlpdwru iru f Ewf1
5151 Vlpxodwhg dx{loldu| sdudphwhuv1
Wkh vhfrqg vwhs ri wkh hvwlpdwlrq phwkrg lv wr vlpxodwh iurp wkh prgho isfE+|m+c|3( wj
zlwk d jlyhq vhw ri sdudphwhuv w dqg rq wkh edvlv ri wkh vlpxodwlrqv wr fdofxodwh
wkh dx{loldu| sdudphwhuv1 Zh dvvxph wkdw wkh prgho lv vr wkdw lw fdq eh vlpx0
odwhg/ frqglwlrqdo rq d vhw ri lqlwldo ydoxhv dqg rq d jlyhq ydoxh ri wkh sdudphwhuv
w1 Wkh vlpxodwhg sdwkv ghshqg rq dq EMA   yhfwru ri gudzv iurp wkh huuru
glvwulexwlrq vshflhg e| wkh prgho1 Wkhvh gudzv duh nhsw {hg gxulqj wkh hv0
wlpdwlrq surfhvv wr vwdelolvh wkh lwhudwlyh hvwlpdwlrq surfhgxuh dqg lq rughu wr
vdwlvi| wkh htxlfrqwlqxlw| frqglwlrqv qhfhvvdu| wr hvwdeolvk dv|pswrwlf qrupdolw|1
Ohw E+r

c c +rM
 eh d vhw ri M vlpxodwhg sdwkv frqglwlrqdo rq wkh vwduwlqj ydoxhv
lq wkh revhuyhg gdwd +vr wkdw +rf ’ +f iru doo  dqg r,1 Uhsolfdwlqj wkh surfhgxuh
7 wlphv/ zh ghqh wkh vlpxodwhg dx{loldu| sdudphwhuv e|=
7M Ew( +fc c +Mf ’

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Wkh qrwdwlrq hpskdvlvhv wkdw wkhvh ydoxhv ghshqg wkh lqlwldo ydoxhv lq wkh gdwd
exw zh vkdoo xvxdoo| vlpso| zulwh 7M Ew1 Zh pdnh wkh iroorzlqj dvvxpswlrqv rq
wkh vlpxodwhg dx{loldu| sdudphwhuv=
Dvvxpswlrq D6
7M Ew lv d frqwlqxrxv ixqfwlrq ri w
7M Ew lv glhuhqwldeoh dw wfzlwk d ghulydwlyh pdwul{ ri ixoo udqn
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Zh dovr dvvxph wkdw wkh prgho lv fkrvhq vr wkdw wkh vlpxodwhg ydoxhv frqyhujh
xqlirupo| +dv M ehfrphv odujh, lq w wr d ghwhuplqlvwlf ixqfwlrq " Ew wkdw zh
whup suhglfwhg dx{loldu| sdudphwhuv=
Dvvxpswlrq D7
R *4
M<"
7M Ew ’ " Ew / xqlirupo| lq w
Ilqdoo|/ wkh olplw ixqfwlrq " Ew yhulhv wkh iroorzlqj dvvxpswlrq=
Dvvxpswlrq D8
" Ew lv rqh wr rqh dqg 8 " Ewf lv ri ixoo0froxpq udqn
Wkh odvw dvvxpswlrq zh qhhg lv wr hvwdeolvk d olqn ehwzhhq wkdw wkh srsxodwlrq
dx{loldu| sdudphwhu dqg wkh suhglfwhg dx{loldu| sdudphwhu1
Dvvxpswlrq D9=
Wkh prgho lv fruuhfwo| vshflhg wkh vhqvh wkdw wkhuh h{lvw d wf vxfk wkdw wkh
vlpxodwhg sdwkv/ +rEwfc kdyh vdph glvwulexwlrqv dv wkh revhuyhg gdwd +
Dvvxpswlrq D9 lv vlplodu wr dvvxpswlrq 7 lq KU dqg dvvxpswlrq D8 lq JPU1
Dvvxpswlrq D9 lpsolhv wkdw
fEwf ’ 
" Ewf
TfEwf ’ T @ofE6E+
r

Li uvw h{suhvvlrq lv ylrodwhg zh zloo vd| wkdw wkh prgho lv plvvshflhg1 Qr0
wlfh wkdw wkh frqfhsw plvvshflhg lv ghqhg uhodwlyh wr wkh fkrlfh ri dx{loldu|
sdudphwhuv1
D zhdnhu frqglwlrq wkdq Dvvxpswlrq 9 doorzv iru dq dssur{lpdwh prgho1 Lq
wklv fdvh wkh ydoxh wf plqlplvhv wkh glvwdqfh ehwzhhq wkh vlpxodwhg dqg wkh wuxh
jhqhudwlqj surfhvv:=
wf ’ @h}4?
wMX
n" Ew R *4
M<"
	 E+c c +M n +51<,
Wklv dssurdfk kdv wkh dgydqwdjh wkdw xqghu zhdn dvvxpswlrqv d wuxh ydoxh
iru wkh prgho sdudphwhuv dozd|v h{lvwv1 Zh suhihu qrw wr jr wklv idu vlqfh wkh xvh
ri dssur{lpdwh prghov lq wkh qdo xvh iru wkh prgho +iru h{dpsoh/ fdoleudwlqj d
JH prgho, lv sureohpdwlf1 Dgglwlrqdoo| lqihuhqfh zlwk dssur{lpdwh prghov lv qrw
frpsohwho| fohdu0fxw1
:Wklv lv htxlydohqw wr zkdw lv sursrvhg lq Kdoo dqg Uxvw +4<<<,/ htxdwlrq +<8,1
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5161 Wkh hvwlpdwru1
Wkh wklug vwhs lq wkh hvwlpdwlrq surfhgxuh lv wr ghqh wkh hvwlpdwru rq wkh edvlv
vdpsoh dx{loldu| sdudphwhu dqg wkh vlpxodwhg dx{loldu| sdudphwhuv1 Wkh fhqwudo
srlqw ri VPG lv wkdw zh fdq uhsodfh wkh +xqrevhuyhg, srsxodwlrq dx{loldu| sd0
udphwhuv dqg wkh +dqdo|wlfdo lqwudfwdeoh, suhglfwhg dx{loldu| sdudphwhuv zlwk wkh
vdpsoh dqg vlpxodwhg dx{loldu| sdudphwhuv/ uhvshfwlyho|/ dqg wkhuhe| rewdlq d
frqvlvwhqw hvwlpdwru iru w
f
1 Wr gr wklv/ zh uvw vshfli| d ^  ^ gdwd ghshqghqw/
v|pphwulf dqg srvlwlyh ghqlwh pdwul{ M zlwk wkh surshuw| wkdw R *4M ’ "/
d qrq0vwrfkdvwlf srvlwlyh ghqlwh pdwul{1 Zh ghqh wkh vlpxodwhg plqlpxp glv0
wdqfh +VPG, hvwlpdwru e|=
	w7( ’ @h}4?
wMX

7M Ew 	 E+

c c +M


M

7M Ew 	 E+

c c +M

+5143,
Jlyhq frqwlqxlw| ri 7M Ew dqg frpsdfwqhvv ri X/ wkh VPG hvwlpdwru dozd|v
h{lvwv1 Wkh hvwlpdwh lv orfdoo| xqltxh li uw7M

	w7(

kdv ixoo udqn1 Lq jhqhudo
wkh ydoxh dqg qlwh vdpsoh surshuwlhv ri 	w7( zloo ghshqg rq wkh fkrlfh ri wkh
zhljkwlqj pdwul{1
Ehorz zh fkrrvh wr zrun dozd|v zlwk wkh mxvw lghqwlhg fdvh iru zklfk zh
kdyh dv pdq| sdudphwhuv lq rxu prgho dv dx{loldu| sdudphwhuv +& ’ ^,1 Wkhq wkh
fkrlfh ri zhljkwlqj pdwul{ lv luuhohydqw dqg zh vhw=
7M

	w7(

’ 	 E+

c c +M +5144,
Li wkhuh lv qr vroxwlrq iru wklv htxdwlrq wkhq zh vd| wkdw wkh prgho lv plvvshflhg
+uhodwlyh wr wkh fkrlfh ri dx{loldu| sdudphwhuv,1;
5171 Lqihuhqfh1
Zh qrz hvwdeolvk wkh dv|pswrwlf surshuwlhv ri wkh VPG hvwlpdwru ghqhg lq
E xqghu dvvxpswlrqv D40D91 Zlwk uhvshfw wr wkh uroh ri rxu dvvxpswlrqv/
qrwh wkdw wkh dvvxpswlrqv D60D7 duh vwdqgdug lq rughu wr hvwdeolvk frqvlvwhqf|
ri wkh hvwlpdwru1 Sdnhv dqg Sroodug hvwdeolvkhg frqvlvwhqf| ri lwv vlpxodwlrq
hvwlpdwru lq d pruh jhqhudo frqwh{w zlwkrxw dvvxplqj frqwlqxlw| lq wkh fulwhulrq
;
Wkh vdph fdq eh irxqg zkhq hvwlpdwlqj qrq0olqhdu prghov xvlqj prphqw frqglwlrqv1
46
ixqfwlrq<1 Wkh xqlirup frqyhujhqfh dvvxpswlrq D7 lv lq wkh olqh ri frqglwlrq
+lll, ri Wkhruhp 614 lq Sdnhv dqg Sroodug ru dvvxpswlrq 9 lq KU1 Dv zh kdyh vhhq
deryh/ dvvxpswlrq D8 lv lghqwlfdwlrq frqglwlrq iru w
f
dqg lw lv vlplodu lq hvvhqfh
wr dvvxpswlrq D7 lq JPU ru dvvxpswlrq 8 lq KU1
Lq sudfwlfh/ lq rxu hpslulfdo zrun/ zh rqo| qhhg wkh glvwulexwlrq ri wkh glhu0
hqfh

7MEw eE+

c c +M

iru lqihuhqfh/ exw zh vkdoo dovr surylghg wkh glvwule0
xwlrq ri wkh hvwlpdwru ew7( wr frqirup zlwk vwdqgdug suhvhqwdwlrqv1 Wr hvwdeolvk
frqvlvwhqf|/ qrwh wkdw jlyhq dvvxpswlrqv D40D9 R *4M<" ew7( ’ wf Wr vhh
wklv/ qrwh wkdw jlyhq dvvxpswlrqv D40D9 / wkh fulwhulrq lq +5143, frqyhujhv lq
suredelolw| xqlirupo| wr d olplw ixqfwlrq=
E"Ew 
f
Ew
f
" E
"Ew 
f
Ew
f
 c +5145,
dqg wkh olplw ixqfwlrq lq wklv h{suhvvlrq dwwdlqv d xqltxh joredo plqlpxp dw
w ’ w
f
/ iurp zklfk frqvlvwhqf| iroorzv143
Wr ghulyh wkh yduldqfh ri
7M Ew 	 E+

c c +M

zh xvh wkh iroorzlqj ghfrpsrvlwlrq=
7M Ew 	 ’ 7M Ew " Ewn E"Ew 
f
 n E
f
 	
Li wkh prgho lv fruuhfwo| vshflhg +dvvxpswlrq 9, wkh plggoh whup glvdsshduv zkhq
hydoxdwlqj dw w ’ w
f
/ zh fdq zulwh=
s
M

7M Ew
f
 	 ’ sM 7M Ew
f
 " Ew
f


n
s
M E
f
 	 +5146,
Iru wkh uvw whup rq wkh uljkw kdqg vlgh zh kdyh +xvlqj wkh ghqlwlrq jlyhq lq
+51;,,=
s
M
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f
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+5147,
<
Qrwlfh wkdw rxu VPG hvwlpdwru pd| eh ghqhg lq whupv ri wkhlu irupxodwlrq +vhh h{dpsoh
714 lq Sdnhv dqg Sroodug, dv wkh hvwlpdwru zklfk plqlpl}hv wkh udqgrp ixqfwlrq=
mm JK +, mm @ mmD
4@5
K +
VK
P +, a,mm
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Frqvlvwhqf| pd| eh dovr rewdlqhg e| dssolfdwlrq ri Wkhruhp 614 lq Sdnhv dqg Sroodug1 Lw
fdq eh vkrzq wkdw dvvxpswlrqv D40D8 lpso| wkh qhfhvvdu| frqglwlrqv iru frqvlvwhqf| lq wkh
wkhruhp1
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zklfk lv d vxp ri udqgrp yduldeohv zklfk duh lqghshqghqw dfurvv vlpxodwlrqv dqg
dfurvv furvv vhfwlrq xqlwv1 E| wkh FOW/ iru {hg 7 zh kdyh=
s
M

7M Ewf " Ewf

_$ 

fc

7
Tf

+5148,
Li zh doorz wkh qxpehu ri uhsolfdwlrqv wr ehfrph odujh wkhq wkh vlpxodwhg dx{loldu|
sdudphwhuv frqyhujh wr wkh +qrq0vwrfkdvwlf, suhglfwhg dx{loldu| sdudphwhuv1 Iru
wkh vhfrqg whup/ zh kdyh/ e| vwdqgdug FOW ghulydwlrqv/ wkdw=
s
M Ef  	 _$  Efc Tf +5149,
Vlqfh wkh vlpxodwlrqv dqg wkh gdwd iroorz wkh vdph surfhvv dqg wkh| duh lqghshq0
ghqw wklv jlyhv= s
M

7M Ewf 	

_$ 

fc
7 n 
7
Tf

+514:,
Wkxv wkh yduldqfh iru hvwlpdwlrq zlwk rqo| rqh uhsolfdwlrq ri wkh prgho +7 ’ , lv
wzlfh wkdw ri hvwlpdwlrq wkdw xvhv wkh dqdo|wlfdo vroxwlrq " Ewf1 D whvw iru wkh
ryhu0lghqwli|lqj uhvwulfwlrqv lpsolhg e| wkh prgho lv edvhg rq wkh vwdwlvwlf=
C8 ’
M7
7 n 

7M
ew7( 	 E+c c +M eT 3f
7M
ew7( 	 E+c c +M c +514;,
zkhuh C8 lv dv|pswrwlfdoo| glvwulexwhg dv d 2 glvwulexwlrq zlwk ^ & ghjuhhv ri
iuhhgrp zkhq wkh prgho lv zhoo vshflhg dqg wkh hpehgglqj dvvxpswlrq krogv1
5181 Wkh dv|pswrwlf glvwulexwlrq ri VPG hvwlpdwru
Zh qrz wxuq wr frqvlghu wkh dv|pswrwlf glvwulexwlrq ri ew7(1 Iurp wkh uvw
rughu frqglwlrq dqg d Wd|oru h{sdqvlrq ri 7


	w7(

derxw w ’ wfc zh fdq vkrz
wkdw= s
M

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zkhuh
C ’ ER *4
M<"
du7M Ewfo"ER *4
M<"
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C2 ’ ER *4
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o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du7M Ewfo +5153,
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Wkhuhiruh/ wkh rswlpdo zhljkw pdwul{ lv jlyhq e| M ’ T
3
f
 Lq wklv fdvh/ wkh dv0
|pswrwlf yduldqfh ri wkh rswlpdo VPG hvwlpdwru zklfk xvhv d frqvlvwhqw hvwlpdwru
ri T 3
f
dv zhljkw pdwul{ lv

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7

C3c zkhuh
C ’ ER *4
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o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Ewfo +5154,
Dv zh vwdwhg deryh/ zh gr qrw xvh wklv iru lqihuhqfh/ exw udwkhu fkdqjhv lq wkh
ydoxh wkh ryhu0lghqwli|lqj uhvwulfwlrq ydoxh1
5191 Fkrrvlqj wkh qxpehu ri dx{loldu| sdudphwhuv1
Wkh qxpehu ri srwhqwldo dx{loldu| sdudphwhuv/ ^/ xvxdoo| h{fhhgv wkh qxpehu ri
prgho sdudphwhuv/ &1 Wklv vxjjhvwv wzr dowhuqdwlyh hvwlpdwlrq vwudwhjlhv1 Rqh
lv wr xvh doo wkh dx{loldu| sdudphwhuv lq wwlqj dqg wr xvh +514;, wr whvw iru wkh
ydolglw| ri wkh ryhu0lghqwli|lqj uhvwulfwlrqv1 Dq dowhuqdwlyh lv wkh mxvw lghqwlhg
+ML, surfhgxuh lq zklfk zh fkrrvh & ri wkh dx{loldu| sdudphwhuv dqg w rq wkhvh1
Wkhq zh fdq xvh wkh ^  & dx{loldu| sdudphwhuv qrw xvhg lq wwlqj wr jhqhudwh
jrrgqhvv ri w whvw vwdwlvwlfv vlplodu wr htxdwlrq +514;,1 Wkh h{suhvvlrq iru wkh
jrrgqhvv ri w whvw lv jlyhq e| +514;, uhsodflqj 	 E+c c +M zlwk wkh yhfwru ri
vwdwlvwlfv qrw xvhg lq wwlqj dqg 7M
ew7( e| wkh yhfwru ri vlpxodwhg vwdwlvwlfv
xvlqj wkh hvwlpdwhg sdudphwhu ydoxhv iurp wkh ML surfhgxuh1
Wkhuh duh d qxpehu ri dgydqwdjhv wr wkh ML surfhgxuh1 Wkh uvw lv wkdw wkh ML
surfhgxuh irfxvhv rq wkh fkrvhq vwdwlvwlfv dqg doorzv xv wr h{dplqh gluhfwo| krz
zhoo zh w wkh rwkhu vwdwlvwlfv1 Dv zh vkdoo vhh/ wklv xvxdoo| jlyhv fohdu lqglfdwlrqv
ri krz wr jhqhudolvh wkh prgho1 D vhfrqg dqg lpsruwdqw sudfwlfdo dgydqwdjh ri
wkh ML surfhgxuh lv wkdw zh fdq eh vxuh wkdw wkh lwhudwlyh hvwlpdwlrq surfhgxuh kdv
frqyhujhg vlqfh wkhq wkh fulwhulrq vkrxog eh }hur li wkh prgho lv fruuhfwo| vshflhg1
Dv zh vkdoo vhh ehorz/ doo exw wkh vlpsohvw prghov kdyh pdq| orfdo plqlpd dqg lw
lv d pdmru sudfwlfdo pdwwhu wr eh deoh wr hqvxuh wkdw zh kdyh d joredo plqlpxp
iru wkh fulwhulrq1 D wklug dgydqwdjh ri wkh ML surfhgxuh lv wkdw wkh sdudphwhu
hvwlpdwhv duh lqghshqghqw ri wkh fkrvhq zhljkwlqj pdwul{ +exw qrwh wkdw wkh xvh
ri wkh ML surfhgxuh lv vlpso| d fkrlfh ri zhljkwlqj pdwul{ iru doo wkh vwdwlvwlfv
wkdw jlyhv }hur zhljkw wr vrph ri wkhp,1 Wkh glvdgydqwdjhv ri wkh ML surfhgxuh
duh wkdw wkh sdudphwhu hvwlpdwhv duh/ ri frxuvh/ vhqvlwlyh wr zklfk vwdwlvwlfv zh
fkrrvh wr w wr1 Zh suhvhqw vrph Prqwh Fduor hylghqfh rq wkh wzr dssurdfkhv
ehorz> wklv lqyhvwljdwlrq vxjjhvwv vwurqjo| wkdw wkh ML surfhgxuh dovr kdv rwkhu
dgydqwdjhv1
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61 Dq hduqlqjv surfhvv1
6141 Wkh prgho ri hduqlqjv1
Zh vkdoo iroorz suhylrxv lqyhvwljdwruv dqg dgrsw d wzr vwhs surfhgxuh +vhh Ds0
shqgl{ D,1 Iluvw zh cfrqwuro* iru djh/ h{shulhqfh/ hgxfdwlrq dqg pdfur hhfwv e|
vhohfwlqj wkh vdpsoh rq hgxfdwlrq dqg ehlqj lq d sduwlfxodu |hdu ri eluwk jurxs dqg
wkhq e| uhjuhvvlqj orj hduqlqjv rq djh dqg h{shulhqfh yduldeohv dqg wlph gxpplhv
+ghwdlov duh jlyhq ehorz,1 Lq wkh vhfrqg vwhs zh prgho wkh uhvlgxdov dv d xqlydul0
dwh surfhvv1 Dowkrxjk wklv wzr vwhs surfhgxuh lv qrw qhfhvvdulo| frkhuhqw zlwk
jhqhudo khwhurjhqhlw| vfkhphv zh dgrsw lw wr plqlplvh wkh glhuhqfhv ehwzhhq
wklv vwxg| dqg suhylrxv vwxglhv vr dv wr frqfhqwudwh rq wkh hhfw ri doorzlqj iru
xqrevhuydeoh khwhurjhqhlw|1 Lq wkh vhfrqg vwdjh zh prgho wkh uhvlgxdov iurp wkh
uvw urxqg uhjuhvvlrq dv dq DUPD+4/4,=
+| ’ k n q+c|3 n 0| n w0c|3/ 0|  _Efc j2 +614,
zkhuh/ wr vdyh/ qrwdwlrq/ +| ghqrwhv wkh uhvlgxdo iru djhqw  lq shulrg | +zklfk
zh vkdoo uhihu wr dv hduqlqjv ehorz,144 Qrwh wkdw zh gr qrw uhvwulfw dq| ri wkh
sdudphwhuv wr eh wkh vdph iru glhuhqw lqglylgxdov1 Lq sduwlfxodu/ zh gr qrw
uhvwulfw q vr wkdw vrph djhqwv frxog kdyh d xqlw urrw +ru hyhq dq h{sorvlyh
surfhvv, dqg rwkhuv d vwdwlrqdu| surfhvv1
Lq rxu hpslulfdo zrun zh vkdoo frqvlghu wkuhh fodvvhv ri prghov1 Iluvw zh
uhvwulfw dwwhqwlrq wr prghov lq zklfk hyhu|rqh kdv d xqlw urrw1 Zh ehjlq zlwk wkh
vlpsohvw vxfk prgho=
{+| ’ 0| n w0c|3/ 0|  _Efc j2 +615,
lq zklfk hyhu|rqh kdv wkh vdph +guliwohvv, surfhvv zlwk wkh vdphE sdudphwhu
dqg huuru yduldqfh1 Zh wkhq frqvlghu d vhtxhqfh ri lqfuhdvlqjo| jhqhudo xqlw
urrw prghov wkdw fxoplqdwh lq d prgho wkdw doorzv iru frqvlghudeoh fruuhodwhg
khwhurjhqhlw| lq wkh sdudphwhuv ri lqglylgxdo surfhvvhv1 Dv zh vkdoo vhh wklv prvw
jhqhudo xqlw urrw prgho idlov wr w wkh gdwd lq vljqlfdqw gluhfwlrqv1 Zh wkhq
frqvlghu d vhulhv ri vwdwlrqdu| prghov/ ehjlqqlqj zlwk wkh vlpsohvw lq zklfk zh
kdyh=
+| ’ k n q+c|3 n 0| n w0c|3/ 0|  _Efc j2 +616,
44Vrph lqyhvwljdwruv xvh d prgho zklfk kdv dq PD+5, vwuxfwxuh iru uvw glhuhqfhv vr wkdw
wkhvh prghov duh qrw fdswxuhg e| rxu jhqhudo prgho1 Lq sudfwlfh/ zh irxqg qr hylghqfh ri
vljqlfdqw vhfrqg rughu dxwr0fruuhodwlrq lq rxu vdpsoh +vhh wkh gvlfxvvlrq ri wkh gdwd ehorz, vr
zh vlpso| frqvlghu rqo| wkh uvw rughu vfkhph1
4:
dqg wkh lqglylgxdo lqwhufhswv duh d sdudphwulf udqgrp ixqfwlrq ri wkh lqlwldo ydo0
xhv1 Rqfh djdlq zh frqvlghu d vhulhv ri lqfuhdvlqjo| jhqhudo prghov doo ri zklfk
pdlqwdlq wkdw wkh dxwr0uhjuhvvlyh sdudphwhu q lv wkh vdph iru hyhu|rqh dqg rqfh
djdlq zh frqfoxgh wkdw zh fdqqrw w wkh gdwd zlwk wklv fodvv ri prgho1 Ilqdoo|
zh frqvlghu prghov wkdw doorz iru khwhurjhqhlw| lq wkh dxwr0uhjuhvvlyh sdudphwhu
zlwk wkh srvvlelolw| wkdw d surshu vxevhw ri djhqwv kdyh d xqlw urrw1
6151 Zklfk vwdwlvwlfv wr wB
Ehorz zh vkdoo suhvhqw dqg w 22 vwdwlvwlfv ghulyhg iurp d sdqho ri xqlyduldwh
hduqlqjv surfhvvhv1 Wkh fkrlfh ri vwdwlvwlfv zh frqvlghu lv prwlydwhg e| wkuhh
+forvho| uhodwhg, frqvlghudwlrqv1 Iluvw/ zh zlvk wr pdnh vxuh wkdw wkh qdo prgho
zh hqg xs zlwk fdq dffrxqw iru doo wkh uhvxowv fxuuhqwo| lq wkh olwhudwxuh1 Vlqfh
glhuhqw lqyhvwljdwruv w wr glhuhqw vwdwlvwlfv/ wklv uhtxluhv frqvlghulqj d zlgh
qxpehu ri +fruuhodwhg, vwdwlvwlfv1 Iru h{dpsoh/ PdFxug| +4<;5, dqg Derzg dqg
Fdug +4<;<, prgho wkh dxwr0fryduldqfh vwuxfwxuh ri uvw glhuhqfhv ri orj hduqlqjv
zkhuhdv Jhzhnh dqg Nhdqh +4<<:, +dqg rwkhuv, edvh wkhlu dqdo|vhv rq prelolw|
phdvxuhv vxfk dv vkruw uxq dqg orqj uxq wudqvlwlrq pdwulfhv ehwzhhq glhuhqw
txlqwlohv ri wkh hduqlqjv glvwulexwlrq1 Fohduo| wkhvh wzr vhwv ri phdvxuhv duh
forvho| uhodwhg exw wkhuh lv qr krsh ri qglqj d jhqhudo dqdo|wlfdo uhodwlrqvkls
wkdw zrxog doorz xv wr w wr rqh vhw dqg wkhq ghulyh wkh lpsolfdwlrqv iru wkh
rwkhu1 Wkxv zh xvh erwk vhwv ri vwdwlvwlfv1
D vhfrqg prwlydwlrq iru vrph ri wkh vwdwlvwlfv zh frqvlghu lv wkdw wkh| fdq eh
uhdglo| uhodwhg +lqirupdoo|, wr wkh sdudphwhuv ri rxu prghov> wkdw lv wkh| kdyh dq
lqirupdo vwuxfwxudo lqwhusuhwdwlrq1 Vshflfdoo|/ zh uxq d vlpsoh ROV uhjuhvvlrq
ri fxuuhqw +orj, hduqlqjv rq odjjhg hduqlqjv iru hdfk djhqw +iru wkh S |hduv zh
revhuyh hdfk,1 Zh uhfrug wkh sdudphwhu hvwlpdwhv ri wkh lqwhufhsw dqg vorsh/ wkh
uhvlgxdo yduldqfh dqg wkh uvw rughu dxwr0fruuhodwlrq ri wkh ROV uhvlgxdov1 Wr
looxvwudwh rxw prwlydwlrq/ frqvlghu wkh ROV vorsh sdudphwhu1 Wklv lv fhuwdlqo| qrw
dq xqeldvhg hvwlpdwru ri wkh cwuxh* vorsh sdudphwhu +vhh Nhqgdoo +4<87,, exw lw
lv forvho| uhodwhg wr lw1 Dv zh vkdoo vhh/ kdylqj d forvh olqn ehwzhhq vrph ri wkh
vwdwlvwlfv dqg wkh sdudphwhuv lv xvhixo lq pdq| zd|v1 Pruh frpsolfdwhg surfhgxuhv
zklfk lqfoxgh vpdoo vdpsoh fruuhfwlrqv zklfk jlyh d forvhu fruuhvsrqghqfh wr
sdudphwhuv frxog eh lpsohphqwhg exw wkhvh duh frqwhqwlrxv dqg qrw zlgho| xvhg1
Ilqdoo|/ wkh ROV urxwh lv wudqvsduhqw dqg txlfn +dv rssrvhg wr/ iru h{dpsoh/
Ndopdq owhu edvhg PO hvwlpdwlrq ri dq DUPD+4/4, surfhvv iru hdfk uhdo dqg
vlpxodwhg djhqw,> vshhg lv lpsruwdqw iru d vlpxodwlrq edvhg phwkrg vxfk dv VPG1
4;
D wklug prwlydwlrq ghulyhv iurp d frqvlghudwlrq ri wkh xvhv iru hvwlpdwhv ri
hduqlqjv surfhvvhv +vhh wkh eulhi glvfxvvlrq dw wkh vwduw ri wkh sdshu dqg vhfwlrq
9,1 W|slfdoo|/ d glhuhqw xvh ohdgv wr hpskdvlv rq glhuhqw vwdwlvwlfv1
Zh qrz suhvhqw d ghwdlohg ghvfulswlrq ri wkh vhw ri 22 dx{loldu| sdudphwhuv
wkdw zh xvh lq wkh VPG hvwlpdwru1 Dv glvfxvvhg deryh/ wkh uvw vhw frphv iurp
ROV uhjuhvvlrqv iru hdfk djhqw1 Vshflfdoo|/ zh uvw uxq dq ROV uhjuhvvlrq ri
+| rq d frqvwdqw dqg +|3 iru | ’ c ec S +khuh dqg ehorz zh gr qrw xvh wkh
uvw revhuydwlrq vlqfh zh xvh wklv lq wkh vlpxodwlrqv,1 Zh wkhq wdnh phdqv dqg
yduldqfhv dqg fryduldqfhv ryhu wkh vdpsoh ri wkh ROV lqwhufhsw dqg vorsh sdud0
phwhuv/ wkh orj ri wkh uhvlgxdo yduldqfh45 dqg wkh uhvlgxdo uvw dxwr0fruuhodwlrq1
Wklv jlyhv xv e vwdwlvwlfv +irxu phdqv/ irxu yduldqfhv dqg vl{ fryduldqfhv,1 Wkh
qh{w vwdwlvwlf fdswxuhv wkh fkdqjh lq wkh glvshuvlrq ri wkh glvwulexwlrq ri hduqlqjv
ryhu wlph146 Zh vkdoo eh frqvlghulqj d vdpsoh wkdw lv yhu| krprjhqhrxv lq whupv
ri hgxfdwlrq/ djh dqg pdulwdo vwdwxv vr wkdw wkh lqwhuhvw khuh olhv lq wkh wlph vhulhv
wuhqg lq czlwklq jurxs* lqhtxdolw| hpskdvlvhg e| Jrwwvfkdon dqg Pr!w +4<<8,1
Vshflfdoo|/ zh fdofxodwh wkh furvv0vhfwlrq xqfrqglwlrqdo yduldqfh lq hdfk |hdu dqg
wkhq uhjuhvv wkhvh D wlph vhulhv vwdwlvwlfv +uhfdoo djdlq wkdw zh gr qrw xvh wkh
uvw shulrg lqirupdwlrq, rq d wuhqg dqg uhfrug wkh frh!flhqw ydoxh rq wkh wuhqg
dqg wkh yduldqfh ri wkh huuruv iurp wklv uhjuhvvlrq1 Dv zh vkdoo vhh wklv wuhqg lv
vljqlfdqwo| srvlwlyh1 Wkh vrxufh ri wklv lqfuhdvh lq wkh xqfrqglwlrqdo yduldqfh
lv ri ri sduwlfxodu lqwhuhvw1 Li wkh xqghuo|lqj surfhvvhv +ru vrph ri wkhp, kdyh
d xqlw urrw wkhq wkh furvv0vhfwlrq xqfrqglwlrqdo yduldqfh zloo lqfuhdvh ryhu wlph
hyhq li zh wdnh wkh lqglylgxdo frqglwlrqdo yduldqfhv wr eh frqvwdqw1 Lw lv wkxv ri
frqvlghudeoh lqwhuhvw wr whvw zkhwkhu wkh lqfuhdvh lq wkh xqfrqglwlrqdo yduldqfh lv
vroho| wr vrph djhqwv kdylqj d xqlw urrw ru zkhwkhu zh dovr kdyh vrph lqfuhdvh
lq wkh frqglwlrqdo yduldqfh zklfk lv wkh vkruw hduqlqjv ulvn wkdw djhqwv idfh1 Wkh
vhfrqg vwdwlvwlf/ wkh yduldqfh derxw wkh +ghwhuplqlvwlf, wuhqg zloo eh xvhixo lq gh0
whuplqlqj wkh vrxufh ri wkh khwhurjhqhlw| lq wkh lqglylgxdo yduldqfhv> vshflfdoo|
/ zh fdq xvh lw wr glvwlqjxlvk zkhwkhu pdfur vkrfnv kdyh d glhuhqwldo lpsdfw rq
wkh lqfrph surfhvvhv1
Wkh qh{w wkuhh dx{loldu| sdudphwhuv duh edvhg rq wkh wlph vhulhv ri glhuhqfhg
gdwd> wkhvh vwdwlvwlfv duh lqfoxghg iru frpsdudelolw| zlwk PdFxug| +4<;5, dqg
Derzg dqg Fdug +4<;<,1 Zh wdnh uvw glhuhqfhv iru hdfk djhqw dqg wkhq uhfrug
45Wkh orj ri wkh yduldqfhv lv wdnhq vlqfh wklv lv forvhu wr ehlqj Qrupdoo| glvwulexwhg wkdq wkh
yduldqfhv1
46Uhfdoo wkdw lq wkh uvw urxqg zh uhjuhvv rq wlph gxpplhv vr wkdw wkh phdq ri wkh uhvlgxdov
lq hdfk |hdu lv }hur1 Wkxv zh gr qrw kdyh wr frqvlghu fkdqjhv lq wkh phdq ryhu wlph1
4<
wkh phdq dfurvv wkh vdpsoh ri wkh yduldqfh dqg wkh uvw wkuhh dxwr0fruuhodwlrqv
ri wkh uvw glhuhqfhv1 Ilqdoo| zh lqfoxgh wkuhh prelolw| phdvxuhv1 Vlqfh wkh
xvxdo frqfhuq lv zlwk wkh gxudwlrq ri orz lqfrph vshoov zh wdnh wkh sursruwlrqv ri
wkrvh lq wkh erwwrp txlqwloh lq wkh vhfrqg |hdu ri rxu gdwd zkr duh lq wkh erwwrp
txlqwloh lq wkh wklug |hdu dqg lq wkh qdo |hdu dqg wkh sursruwlrq ri djhqwv zkr
duh lq wkh erwwrp txlqwloh iru pruh wkdq kdoi ri wkh revhuyhg shulrgv1 Frxqwlqj
xs zh vhh wkdw zh kdyh d wrwdo ri 22 vwdwlvwlfv= e ROV edvhg vwdwlvwlfv/ 2 wuhqg
frh!flhqwv/  phdqv ri uvw glhuhqfhg vwdwlvwlfv dqg  prelolw| phdvxuhv1 Wr eh
vxuh wkhuh lv dq hohphqw ri duelwudulqhvv lq wklv fkrlfh exw lw grhv kdyh wkh yluwxhv
ri ehlqj idvw wr frpsxwh/ fdswxulqj prvw ri wkh frqfhuqv ri suhylrxv lqyhvwljdwruv
dqg ehlqj forvh wr +ru shukdsv hyhq lqfoxglqj, vx!flhqw vwdwlvwlfv iru olnholkrrg
ixqfwlrqv iru doo ri rxu prghov1
6161 Prqwh Fduor vlpxodwlrqv1
Wr looxvwudwh wkh xvh ri rxu hvwlpdwru dqg dovr wr uhvroyh vrph ri wkh rxwvwdqglqj
lvvxhv glvfxvvhg deryh zh suhvhqw khuh d vlpsoh Prqwh Fduor vwxg|1 Zh uvw vlpx0
odwh vrph v|qwkhwlf gdwd xvlqj d nqrzq surfhvv1 Zh wkhq hvwlpdwh wkh sdudphwhuv
ri wkh gdwd pdq| wlphv xvlqj wkh VPG hvwlpdwru1 Wkh yduldeohv lq wkh vwxg| duh
wkh qxpehu ri vlpxodwlrqv xvhg lq wkh hvwlpdwlrq +ghqrwhg 7 deryh, dqg zkhwkhu
wr xvh wkh aU ru wkh U rswlrq1
Zh wdnh wkh vlpsoh xqlw urrw prgho zlwk dq E huuru=
+| ’ kn +c|3 n 0| n w0c|3 +617,
Wkh sdudphwhuv iru wkh vlpxodwlrq duh fkrvhq wr eh vlplodu wr wkh sdudphwhu
hvwlpdwhv iurp rxu gdwd +suhvhqwhg ehorz, iru wklv vlpsoh prgho= k ’ f/ w ’ f
dqg j0 ’ ffD1 Wr jhqhudwh wkh v|qwkhwlf gdwd +zklfk zh gr rqo| rqfh, zh xvh d
vdpsoh vl}h wkh vdph dv lq rxu gdwd + M ’ 2b, zlwk wkh uvw wzr lqlwldo ydoxhv
iru hdfk vlpxodwhg krxvhkrog ehlqj vhw htxdo wr wkrvh lq wkh gdwd +uhfdoo wkdw wkh
hvwlpdwlrq surfhgxuh rqo| xvhv revhuydwlrqv 2 wr A vr wkdw wkh uvw revhuydwlrq
iru hdfk krxvhkrog lv luuhohydqw,1
Iru hdfk Prqwh Fduor vlpxodwlrq ri wkh VPG hvwlpdwlrq zh fkrrvh wkh qxpehu
ri uhsolfdwlrqv ri wkh gdwd 7 ’ c 2 ru D dqg iru hdfk vlpxodwlrq zh hvwlpdwh xvlqj
erwk wkh ML surfhgxuh dqg wkh RL surfhgxuh1 Iru wkh aU surfhgxuh zh w wr
wkh phdq ri wkh ROV lqwhufhswv/ wkh yduldqfh ri wkh ROV uhvlgxdov dqg wkh uvw
rughu dxwr0fruuhodwlrqv1 Wdeoh  suhvhqwv wkh uhvxowv1 Zh suhvhqw vwdwlvwlfv iru wkh
wkuhh sdudphwhu hvwlpdwhv dqg iru wkh 2 jrrgqhvv ri w whvw iru wkh ML surfhgxuh
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dqg wkh 2 ryhu0lghqwlfdwlrq whvw vwdwlvwlfv iru wkh RL fdvh1 Vlqfh wkh wzr whvw
vwdwlvwlfv kdyh ghjuhhv ri iuhhgrp htxdo wr b iru wkh ML dqg RL fdvhv/ zh zrxog
h{shfw wkdw wkh phdqv dqg yduldqfhv duh fhqwuhg rq b dqg H1
Wkh sulqflsdo ihdwxuhv ri wkh Prqwh Fduor uhvxowv duh=
41 Doo hvwlpdwruv orrn xqeldvhg +wkh phdq sdudphwhu hvwlpdwhv duh yhu| forvh
wr wuxh ydoxhv,1
51 Wkh U hvwlpdwru vrphwlphv frqyhujhv wr wkh czurqj* sdudphwhu hvwlpdwhv
+lw qgv d orfdo plqlpxp udwkhu wkdq d joredo rqh,1 Wklv uhvxowv lq kljk
vwdqgdug ghyldwlrqv iru wkh sdudphwhu hvwlpdwhv +uhodwlyh wr wkh ML vwdqgdug
ghyldwlrqv, dqg yhu| kljk ydoxhv iru wkh 2 whvw sdudphwhu1 Dv fdq eh vhhq/
wkh phdqv dqg yduldqfhv iru wkh odwwhu duh yhu| kljk zkhuhdv wkh phgldqv
orrn uhdvrqdeoh1
61 Wkh ML sdudphwhu hvwlpdwhv duh uhodwlyho| suhflvh +uhfdoo wkdw doo wkh ydoxhv
duh pxowlsolhg e| 433, zlwk wkh kljkhu 7 hvwlpdwhv kdylqj ohvv glvshuvlrq/
doprvw h{dfwo| dv suhglfwhg e| wkh wkhru|1
71 Wkh phdqv iru wkh 2 Eb jrrgqhvv ri w vwdwlvwlfv iru wkh ML hvwlpdwhv duh
d olwwoh orz/ vr wkdw zh zrxog whqg wr xqghu0uhmhfw uhodwlyh wr wkh qrplqdo
vl}h exw wkh eldv lv qrw gudpdwlf1
81 Wkh aU/ 7 ’  2 Eb hvwlpdwhv duh ehwwhu wkdq iru wkh kljkhu 7 fdvhv/ lq wkh
vhqvh wkdw wkh phdq dqg yduldqfh duh forvhu wr wkhlu wkhruhwlfdo frxqwhusduwv1
Wkh ohvvrqv zh gudz iurp wkhvh vlpxodwlrqv duh= wkh VPG prgho grhv d jrrg
mre ri hvwlpdwlqj wkh sdudphwhuv ri d vlpsoh prgho> wkh RL surfhgxuh lv xqvwdeoh
dqg vrphwlphv frqyhujhv wr d orfdo plqlpxp> xvlqj rqh vlpxodwlrq ri wkh gdwd
+7 ’ , lv ehwwhu wkdq xvlqj pruh vlpxodwlrqv erwk ehfdxvh lw lv idvwhu dqg dovr
ehfdxvh lw |lhogv ehwwhu whvw vwdwlvwlfv lq rxu vlpxodwlrqv1 Lq rxu hpslulfdo zrun
ehorz zh frqvhtxhqwo| xvh wkh ML surfhgxuh zlwk 7 vhw htxdo wr xqlw|1
71 Wkh gdwd1
Wkh Gdqlvk hduqlqjv gdwd frph iurp wkh dgplqlvwudwlyh gdwd froohfwhg dqg fro0
odwhg e| Vwdwlvwlfv Ghqpdun1 Wklv lv edvhg rq lqirupdwlrq froohfwhg e| d qxpehu
ri glhuhqw dgplqlvwudwlyh dxwkrulwlhv1 Iurp wkh fhqwudo uhjlvwhu frqwdlqlqj lqiru0
pdwlrq rq wkh hqwluh srsxodwlrq lq Ghqpdun ryhu d S |hdu shulrg/ d whq shu fhqw
54
vdpsoh lv gudzq1 Wkh prvw qrwdeoh ihdwxuhv ri wkh Gdqlvk gdwd duh= d odujh dqg
uhsuhvhqwdwlyh vdpsoh> qr dwwulwlrq +h{fhsw iru qdwxudo dwwulwlrq gxh wr ghdwk ru
lppljudwlrq,> orz phdvxuhphqw huuru> uhdo phdvxuhv ri h{shulhqfh +qrw djh plqxv
vfkrrolqj, dqg wkh srvvlelolw| wr revhuyh pdq| rwkhu fruuhodwhv +iru h{dpsoh/ uhv0
lghqwldo dqg pdulwdo vwdwxv/ oderu irufh vwdwxv/ khdowk hwf1, dowkrxjk rqo| olplwhg
qxpehu ri wkhvh xvhg khuh1
Wkh gdwd fryhu wkh shulrg bH0bbS dqg frqwdlq dqqxdo lqirupdwlrq1 Zh
vhohfw d vdpsoh ri pdoh vnloohg eoxh froodu zrunhuv zkr duh vrph wlph iurp wkhlu
wudlqlqj shulrg1 Vshflfdoo|= phq djhg ehwzhhq f dqg b lq bH dqg zkr kdyh
edvlf vfkrrolqj +wr djh S, dqg irupdo yrfdwlrqdo wudlqlqj +iru h{dpsoh/ soxpehuv
dqg hohfwulfldqv,1 Wr dyrlg sureohpv zlwk xqhpsor|phqw +zklfk uhtxluhv d vhsd0
udwh vwxg| ri lwv rzq,/ zh frqglwlrq rq ehlqj frqwlqxrxvo| hpsor|hg lq d ixoo0wlph
mre +zlwk qr vhoi0hpsor|phqw, iru wkh zkroh shulrg1 Zh vhohfw phq zkr zhuh frq0
wlqxrxvo| pduulhg ru frkdelwlqj zlwk wkh vdph vsrxvh lq doo S |hduv1 Ilqdoo| zh
kdyh holplqdwhg lqglylgxdov zlwk dq xquhdvrqdeo| orz lqfrph lq dq| |hdu +lqglylg0
xdov zlwk dq dqqxdo lqfrph ehorz fc fff Gdqlvk Furzqv lq bHf,1 Diwhu doo wkhvh
vhohfwlrq fulwhuld/ zh hqg xs zlwk d edodqfhg sdqho ri 2b zrunhuv1 Frpsduhg wr
wkh hduolhu vwxglhv ri lqfrph g|qdplfv wklv lv d yhu| krprjhqhrxv vdpsoh1 Wkh
prwlydwlrq iru wdnlqj vxfk d krprjhqhrxv vdpsoh lv wkdw li zh qg vljqlfdqw
khwhurjhqhlw| iru wklv jurxs wkhq d iruwlrul lw lv olnho| iru pruh khwhurjhqhrxv
jurxsv frqvlghuhg lq olwhudwxuh1
Lq wkh doo iroorzlqj dqdo|vhv zh duh xvlqj dqqxdo oderxu jurvv lqfrph gh dwhg
e| wkh frqvxphu sulfh lqgh{1 Wkh hduqlqjv yduldeoh lv frqvwuxfwhg iurp wkh wd{
uhjlvwhu dqg duh wkhuhiruh eholhyhg wr eh yhu| uholdeoh1 Wr eh frqvlvwhqw zlwk prvw
suhylrxv vwxglhv zh uvw uhjuhvv orj hduqlqjv rq |hdu gxpplhv dqg d vhw ri wlph
lqyduldqw fryduldwhv +|hdu ri eluwk dqg h{shulhqfh, dqg zrun zlwk uhvlgxdov iurp
wkhvh uhjuhvvlrqv1 Zh suhvhqw d ixoohu ghvfulswlrq ri wkh gdwd dqg vrph vxppdu|
vwdwlvwlfv lq Dsshqgl{ G1 Lq jxuh 714 zh suhvhqw yh hduqlqjv sdwkv +vwulfwo|/
uhvlgxdov, gudzq dw udqgrp iurp rxu vdpsoh1 Dv fdq vhhq/ wkh ohyhov dqg wkh
sdwkv glhu txlwh udglfdoo| dfurvv lqglylgxdov1 Iljxuhv vxfk dv wkhvh +dqg wkrvh
suhvhqwhg lq Fkdpehuodlq dqg Kludqr +4<<:,, xqghuslq rxu ihholqj wkdw zh qhhg
pruh khwhurjhqhlw| wkdq lv frqyhqwlrqdoo| doorzhg iru lq suhylrxv vwxglhv1
Wkh vdpsoh dx{loldu| sdudphwhuv duh suhvhqwhg lq Froxpq 4 ri Wdeoh 5 +zlwk
errwvwuds edvhg vwdqgdug huuruv ehorz,1 Wkh ROV vwdwlvwlfv duh jlyhq lq urzv 4
wr 471 Wkh phdq ri wkh ROV lqwhufhsw lv forvh wr }hur +31338, zlwk d ydoxh iru
wkh vwdqgdug ghyldwlrq htxdo wr f2H1 Wkh phdq ri wkh ROV dxwrfruuhodwlrq1 lv
dovr forvh wr }hur dqg qhjdwlyh +ff.b, zlwk d vwdqgdug ghyldwlrq ri f21 Rq
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Iljxuh 714= Ilyh hduqlqjv sdwkv1
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wkh rwkhu kdqg/ wkh glvwulexwlrq ri wkh ROV vorsh sdudphwhu kdv d phdq ydoxh ri
fS zlwk d vwdqgdug ghyldwlrq ri ff.1 Zlwk uhvshfw wr wkh fryduldqfhv dprqj
wkh ROV sdudphwhuv/ zh revhuyh wkdw wkhuh lv d srvlwlyh fryduldqfh ehwzhhq wkh
lqwhufhsw dqg wkh ROV orj yduldqfh dqg qhjdwlyh fryduldqfhv ehwzhhq wkh ROV
vorsh dqg wkh ROV orj yduldqfh dqg ehwzhhq wkh ROV lqwhufhsw dqg wkh ROV
vorsh1
Wr fdswxuh fkdqjhv lq wkh glvwulexwlrq ri hduqlqjv ryhu wlph zh fdofxodwh wkh
wuhqg lq yduldqfhv dqg wkh yduldqfh derxw wklv wuhqg/ vhh urzv 48 dqg 491 Wkh
yduldqfh ri wkh uvw shulrg ohyhov ri orjv lv ffeH vr wkdw wkh wuhqg frh!flhqw ri
fff uhsuhvhqwv d grxeolqj lq wkh yduldqfh ryhu wkh S |hduv ri rxu gdwd zklfk lv
d surqrxqfhg lqfuhdvh lq glvshuvlrq ryhu wlph147 Wklv lv txdolwdwlyho| vlplodu wr
wkh uhvxow ri Jrwwvfkdon dqg Pr!w +4<<7, zkr dovr qg dq lqfuhdvh lq wkh zlwklq
jurxs yduldqfh ryhu wlph1 Lw lv dovr frqvlvwhqw zlwk wkh yhu| zlghvsuhdg qglqj
wkdw wkh lqhtxdolw| ri hduqlqjv kdv ehhq lqfuhdvlqj wkurxjk rxu vdpsoh shulrg
+vhh/ iru h{dpsoh/ Exfklqvn| dqg Kxqw +4<<:,, exw qrwh wkdw lv iru wkh srsxodwlrq
dv d zkroh dqg qrw iroorzlqj wkh vdph jurxs wkurxjk wlph1 Wkh qglqj wkdw wkh
yduldqfh lv lqfuhdvlqj ryhu wlph lv qrw qhfhvvdulo| hylghqfh wkdw xqfhuwdlqw| ru
culvn* lv lqfuhdvlqj= lw pd| vlpso| uh hfw wkh idfw wkdw vrph ru doo ri wkh djhqwv
kdyh d xqlw urrw zlwk d frqvhtxhqw cidqqlqj rxw* ri yduldqfh ryhu wlph1 Lw lv dq
lpsruwdqw jrdo ri rxu uhvhdufk wr vhh zkhwkhu zh fdq ghwhuplqh zkdw lv jhqhudwlqj
wklv lqfuhdvh lq glvshuvlrq1
Iru wkh wkuhh vwdwlvwlfv ghulyhg iurp uvw glhuhqfhv +urzv 4:04<, zh vhh wkdw
wkh yduldqfh lv 313: zklfk uhsuhvhqwv txlwh d kljk yduldqfh iru jurzwk1 Wkh
uvw wzr dxwr0fruuhodwlrqv duh 0314< dqg 03135 uhvshfwlyho| zklfk vxjjhvwv wkdw
dw prvw zh kdyh dq PD+4, surfhvv lq uvw glhuhqfhv1 Wkhvh vwdwlvwlfv duh txdol0
wdwlyho| vlplodu wr Derzg dqg Fdug +4<;<, +vhh/ iru h{dpsoh/ wkhlu SVLG vdpsoh
ri pdohv iurp 4<9<04<:< zlwk wkh VHR vxe0vdpsoh h{foxghg/ vhh wkhlu Wdeoh Y,
h{fhsw wkdw wkh| kdyh vrphzkdw pruh vhfrqg rughu dxwr0fruuhodwlrq1 Wkh udqjhv
+ryhu |hduv, ri wkh Derzg dqg Fdug vwdwlvwlfv duh= ydu+{*? + 5 dffbc f2fo/
dxwr4+{*? + 5 dfDecffo dqg dxwr5+{*? + 5 dfDcfffDo1 Wkxv rxu
gdwd vkrzv d jrrg ghdo ohvv yduldqfh lq jurzwk/ zklfk pd| eh sduwo| dwwulexwdeoh
wr wkh vpdoohu phdvxuhphqw huuru zh kdyh dqg dovr wr wkh idfw wkdw zh gudz d
pxfk pruh krprjhqhrxv vdpsoh1
Wkh qdo wkuhh urzv +53055, jlyh vwdwlvwlfv rq wkh lqflghqfh ri orz hduqlqjv1
Zh fdq vhh wkdw zkloh ;:16( ri zrunhuv lq wkh erwwrp txlqwloh lq wkh vhfrqg shulrg
47Wkh fkdqjh lq wkh yduldqfh lv qrw prqrwrqlf exw lv kljko| fruuhodwhg zlwk wkh exvlqhvv f|foh>
dowkrxjk wklv lv dq lpsruwdqw lvvxh/ zh ohdyh wklv dvshfw iru ixwxuh uhvhdufk1
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duh dovr lq wkhuh lq wkh wklug shulrg/ wklv shufhqwdjh ghfuhdvhv wr d 8<( zkhq zh
frqvlghu wkh qdo shulrg1 Ilqdoo|/ wkh lqflghqfh ri vlwxdwlrqv ri cshupdqhqw* orz
hduqlqjv dv phdvxuhg e| wkh shufhqwdjh ri zrunhuv lq wkh erwwrp txlqwloh iru dw
ohdvw ; ri 48 |hduv lv dssur{lpdwho| 53(1
81 Uhvxowv1
8141 Xqlw urrw prghov
Wkh uvw prgho zh frqvlghu +prgho 4, lv h{wuhpho| sduvlprqlrxv dqg lv xvhg
pdlqo| wr vhw wkh djhqgd1 Zh dvvxph wkdw hyhu|rqh kdv d xqlw urrw dqg wkdw
uvw glhuhqfhv ri orj hduqlqjv iroorz d guliwohvv E surfhvv zlwk Qrupdoo|
glvwulexwhg huuruv zlwk wkh vdph sdudphwhuv iru hyhu|rqh> vhh Wdeoh  iru dq h{dfw
vwdwhphqw ri wklv dqg rwkhu irupv zh frqvlghu/ dv zhoo dv wkh fkrlfh ri ds*v dqg
wkh sdudphwhu hvwlpdwhv iru doo wkh prghov zh frqvlghu1 Zh gr qrw lqfoxgh d guliw
whup +d frqvwdqw, vlqfh wkh gdwd duh uhvlgxdov iurp d uhjuhvvlrq rq |hdu gxpplhv
+dprqjvw rwkhu wklqjv, dqg vr wkh phdq lq hdfk |hdu lv }hur1 Wklv prgho frxog
uhdglo| eh hvwlpdwhg xvlqj d ydulhw| ri frqyhqwlrqdo JPP/ plqlpxp glvwdqfh
ru pd{lpxp olnholkrrg whfkqltxhv exw zh fkrrvh wr xvh VPG iru frpsdudelolw|
zlwk odwhu/ pruh frpsolfdwhg prghov1 Dv glvfxvvhg deryh/ zh vkdoo xvh wkh ML
surfhgxuh vr zh qhhg wr fkrrvh wzr ri rxu dx{loldu| sdudphwhuv iru wwlqj1 Vlqfh
wkh sdudphwhuv ri wkh prgho duh wkh yduldqfh dqg wkh E sdudphwhu/ zh w
wklv prgho wr wkh ROV dqdorjxhv= wkh ROV phdq orj yduldqfh dqg uvw rughu dxwr0
fruuhodwlrq1 Iru wklv prgho rqo| zh dovr frqvlghu dq dowhuqdwlyh fkrlfh ri ds*v/ vr
zh ghvljqdwh wkh hvwlpdwhv prgho 4d1
Qrw vxusulvlqjo| wklv yhu| uhvwulfwhg prgho idlov wr w wkh rwkhu dx{loldu| sd0
udphwhuv lq d qxpehu ri glphqvlrqv1 Uhihuulqj wr Wdeoh 2/ froxpq 2 zh vhh uvw
wkdw wkh jrrgqhvv ri w iru prgho 4d uhmhfwv ghflvlyho| +d 2 E2f vwdwlvwlf ri HDS,1
Lq jxuh 814 zh suhvhqw wkh glvwulexwlrqv iru wkh irxu ROV hvwlpdwhv iru wkh gdwd
dqg iru wkh vlpxodwhg prgho1 Dv fdq eh vhhq/ wkh prgho wv wkuhh ri wkh glvwul0
exwlrqv vxusulvlqjo| zhoo iru vxfk d vlpsoh vshflfdwlrq1 Qrwh/ krzhyhu/ wkdw zh
xvh wkh vdph lqlwldo ydoxhv lq rxu vlpxodwlrqv dv lq wkh gdwd vr wkdw wkh jrrg w
iru wkh ROV lqwhufhsw lv wr eh h{shfwhg1 Dv fdq eh vhhq/ wkh prgho gudpdwlfdoo|
xqghuhvwlpdwhv wkh +orj ri wkh, yduldqfh ri wkh ROV huuruv1 Uhihuulqj wr Wdeoh 6/
zh vhh wkdw iru wkh lqglylgxdo ds*v wkh prvw lpsruwdqw idloxuhv +lq rughu ri wkh
olvwlqj lq Wdeoh 6, duh=
41 zh ryhuhvwlpdwh wkh phdq ROV vorsh sdudphwhu +p+vo,,>
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51 zh xqghuhvwlpdwh wkh yduldqfh ri wkh ROV lqwhufhswv +y+lq,,>
61 zh gudpdwlfdoo| xqghuhvwlpdwh wkh yduldqfh ri wkh huuru orj yduldqfh +y+oy,,>
71 zh xqghuhvwlpdwh wkh yduldqfh ri wkh ROV dxwr0fruuhodwlrqv ++y+dx,,1
81 wkhuh lv d vljqlfdqw srvlwlyh fruuhodwlrq ehwzhhq wkh ROV lqwhufhsw dqg
yduldqfh lq wkh gdwd +f+lq/ oy,, dqg d qhjdwlyh rqh lq wkh vlpxodwhg gdwd>
91 zh xqghuhvwlpdwh wkh wuhqg lq wkh furvv0vhfwlrq yduldqfh +ywuhqg, dqg wkh
yduldqfh derxw wklv wuhqg +ywuvg,>
:1 zh xqghuhvwlpdwh wkh yduldqfh lq uvw glhuhqfhv ++ydu/ G,,>
;1 wkh uvw rughu dxwr0fruuhodwlrq iru wkh uvw glhuhqfhv ++df4/ G,, lv vpdoohu/
lv devroxwh ydoxh/ iru wkh vlpxodwhg gdwd wkdq iru wkh vdpsoh>
<1 zh xqghuhvwlpdwh wkh shuvlvwhqfh ri wkh orz lqfrph vwdwh ++s+5/6, dqg s+kdoi,,1
Wkh uvw lvvxh zh dgguhvv lv zkhwkhu lw pljkw qrw eh ehwwhu wr w rq wkh uvw
glhuhqfhg gdwd +dv lq PdFxug| dqg Derzg dqg Fdug,1 Wkxv zh dovr w prgho 4
wr wkh uvw wzr glhuhqfhv ds*v ++ydu/ G, dqg +df4/ G,, +vhh prgho 4e lq Wdeoh 6,1
Dv zh zrxog h{shfw/ jlyhq wkh w ri prgho 4d wr cG/ ydu*/ wkh hvwlpdwhg E
sdudphwhu lv odujhu +lq devroxwh ydoxh, wkdq iru prgho 4d1 Dsduw iurp wkh reylrxv
glhuhqfhv wkdw dulvh iurp wdnlqj glhuhqw ds*v wr w/ zh vhh wkdw prgho 4e wv
vljqlfdqwo| ehwwhu iru wkh ROV phdq vorsh/ wkh yduldqfh ri wkh ROV lqwhufhswv
dqg wkh wuhqg ri wkh furvv0vhfwlrq yduldqfh1 Lw lv vrphzkdw zruvh iru wkh phdvxuhv
ri wkh shuvlvwhqfh ri orz lqfrph vwdwhv1 Ryhudoo/ Prgho 4e wv zruvh lq whupv
ri wkh jrrgqhvv ri w whvw vwdwlvwlf vr wkdw zh vkdoo frqwlqxh zlwk wwlqj wr ROV
sdudphwhuv ehorz1 Wkh odwwhu vwudwhj| dovr doorzv xv wr fkrrvh ds*v wkdw duh forvh
wr ehlqj cvwuxfwxudo*1 Rqh srvvleoh urxwh wr uhfrqflolqj wkh uhvxowv iru prghov 4d
dqg 4e pd| eh wr doorz wkdw wkh huuru whup kdv d frpprq +cpdfur* hohphqw,
dqg dq lglrv|qfudwlf frpsrqhqw dqg wkdw wkh hhfw ri wkh iruphu glhuv dfurvv
zrunhuv1 Rq wkh rwkhu kdqg/ lw pd| eh wkdw wkh glhuhqfh lv gxh vroho| wr wkh xvh
ri d yhu| uhvwulfwlyh prgho/ vr zh srvwsrqh ixuwkhu frqvlghudwlrq ri wklv ihdwxuh ri
rxu uhvxowv xqwlo odwhu1
Rqh reylrxv exw lpsruwdqw srlqw wr hphujh iurp wkh frpsdulvrqv ri prghov 4d
dqg 4e lv wkdw wwlqj wr glhuhqw ds*v pd| fkdqjh wkh w wr ds*v wkdw duh qrw xvhg
lq wwlqj lq zd|v wkdw duh yhu| gl!fxow wr suhglfw dqdo|wlfdoo|1 Wklv mxvwlhv wkh
cuh0jkwlqj* dssurdfk wr wkh h{sorudwru| dqdo|vlv zh dgrsw lq zklfk zh dgguhvv
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Iljxuh 814= Prgho 4 wv iru ROV sdudphwhuv1
5:
wkh prvw vhulrxv sureohpv uvw dqg wkhq vhh krz wkh { dhfwv wkh w wr rwkhu
ds*v1
Wkh prvw vhulrxv plvw +lq whupv ri wkh w0ydoxh, ri prghov 4d dqg 4e lv wr wkh
gudpdwlf xqghu0suhglfwlrq ri wkh glvshuvlrq ri wkh huuru orj yduldqfh1 Wklv kdv
ehhq revhuyhg e| rwkhu dxwkruv +Jhzhnh dqg Nhdqh +4<<:,/ Fkdpehuodlq dqg Kl0
udqr +4<<:, dqg Xoulfn +5333,, dqg kdv ehhq dgguhvvhg lq rqh ri wzr zd|v1 Hlwkhu
lqyhvwljdwruv wdnh d glhuhqw +idw wdlohg, glvwulexwlrq zklfk lv dvvxphg frpprq
wr hyhu|rqh ru wkh| doorz wkdw djhqwv kdyh Qrupdo huuruv zlwk khwhurjhqrxv ydul0
dqfhv1 Lq prgho 5 zh doorz iru wkh iruphu e| prghoolqj wkh huuru yduldqfh dv d
pl{wxuh ri }hur phdq Qrupdov zlwk d jlyhq pl{lqj suredelolw| ri fH1481 Vshfl0
fdoo| zh dvvxph wkdw lq dq| |hdu dqg iru dq| zrunhu wkh vwdqgdug ghyldwlrq fdq
eh rqh ri wzr ydoxhv49 +vhh Wdeoh 5,1 Zh w wklv wkuhh sdudphwhu prgho wr wkh
vdph ds*v dv iru prgho 4d dqg wr wkh yduldqfh ri wkh ROV orj yduldqfhv +cy+oy,*,1
Rqh ihdwxuh ri wkh hvwlpdwhv ri prgho 5 lv wkdw wkh E sdudphwhu lv pxfk
forvhu wr }hur wkdq iru wkh qrupdo prgho> wklv lv frqvlvwhqw zlwk wkh ylhz wkdw
dq lqfruuhfw prgho pd| ohdg wr vsxulrxv g|qdplfv1 Qrwh dv zhoo wkdw wkh phdq
vwdqgdug ghyldwlrq +ffe2, lv d olwwoh ohvv wkdq wkh ydoxh iru prgho 4d1 Uhihuulqj
wr Wdeoh 6 zh vhh wkh ryhudoo jrrgqhvv ri w whvw kdv lpsuryhg frqvlghudeo| exw
lw vwloo uhmhfwv ghflvlyho|1 Wklv uh hfwv wkdw vrph wv kdyh lpsuryhg +wkh prvw
reylrxv h{dpsoh ehlqj wkh yduldqfh ri wkh orj yduldqfhv$, exw prvw kdyh qrw1
Wkh dowhuqdwlyh wr doorzlqj iru d frpprq idw wdlohg glvwulexwlrq lv wr dvvxph
wkdw doo djhqwv kdyh Qrupdoo| glvwulexwhg huuruv exw zlwk shuvlvwhqwo| glhuhqw
yduldqfhv1 Grplqlw} dqg Pdqvnl +bb., suhvhqw gluhfw hylghqfh wkdw wkhuh lv d
jrrg ghdo ri khwhurjhqhlw| lq vxemhfwlyh shufhswlrqv ri vkruw uxq krxvhkrog lqfrph
ulvn1 Prgho  fdswxuhv wklv e| dvvxplqj wkdw wkh lqglylgxdo vshflf yduldqfhv duh
frqvwdqw ryhu wlph dqg duh glvwulexwhg dffruglqj wr d sduwlfxodu glvwulexwlrq1
Zh wulhg rqh sdudphwhu idplolhv vxfk dv wkh h{srqhqwldo +dv lq Fkdpehuodlq dqg
Kludqr +4<<:,, dqg wkh wzr sdudphwhu Ehwd/ exw wkhvh idlohg wr w wkh gdwd lq wkh
vhqvh wkdw zh frxog qrw qg sdudphwhu ydoxhv wkdw guryh wkh fulwhulrq wr }hur1 Zh
hqghg xs xvlqj d wzr sdudphwhu orjqrupdo glvwulexwlrq14: Vshflfdoo|/ zh uvw
gudz d ydoxh iru wkh yduldqfh ri wkh huuru glvwulexwlrq iru hdfk vlpxodwhg djhqw
48Zh frxog dovr kdyh hvwlpdwhg wkh pl{lqj sdudphwhu exw wkhuh lv qr cqdwxudo* dx{loldu|
sdudphwhu wr lghqwli| lw1 Sxw dqrwkhu zd|/ d wkuhh sdudphwhu prgho iru wkh yduldqfhv lv ryhu0
sdudphwhulvhg uhodwlyh wr rxu fkrlfh ri dx{loldu| sdudphwhuv1
49Uhfdoo wkdw rxu vdpsoh h{foxghv dq| zrunhu zkr kdv dq| xqhpsor|phqw lq wkh 49 |hduv ri
wkh vdpsoh vr wklv grhv qrw uh hfw lqwhuplwwhqw odujh vkrfnv gxh wr xqhpsor|phqw1
4:Wklv glvwulexwlrq dovr kdv wkh lpsruwdqw dgydqwdjh wkdw zh fdq doorz iru fruuhodwhg khwhur0
jhqhlw| +vhh odwhu prghov, lq d vlpsoh zd|1
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iurp d orj Qrupdo glvwulexwlrq zlwk jlyhq phdq dqg vwdqgdug ghyldwlrq +ghqrwhg
e| #

dqg #
2
uhvshfwlyho|, dqg wkhq nhhs wklv {hg ryhu wlph iru wkh vlpxodwhg
djhqw1 Uhihuulqj wr wkh hvwlpdwhv iru prgho  lq Wdeoh 2 zh qrwh wkdw wkh hvwlpdwhg
phdq yduldqfh lv d olwwoh deryh wkdw iru wkh krprjhqhrxv prgho +prgho 4d, dqg wkh
E sdudphwhu lv eurdgo| vlplodu1 Wkh yduldqfh ri wkh orjqrupdo glvwulexwlrq
lv kljko| vljqlfdqw lq wkh vhqvh wkdw wkh jrrgqhvv ri w vwdwlvwlf idoov iurp HDS iru
wkh prgho zlwk #
2
’ f +wkdw lv/ prgho 4d, wr ef1 Zh vkdoo qrw glvfxvv wkh wv iru
wklv prgho lq ghwdlo exw zh gr qrwh wkdw dowkrxjk wkh fruuhodwlrq ehwzhhq wkh ROV
vorsh dqg orj yduldqfhv lv pxfk uhgxfhg/ lw lv vwloo ri wkh czurqj* vljq1 Iljxuh 815
suhvhqwv wkh glvwulexwlrqv ri wkh ROV huuru yduldqfhv iru wkh gdwd dqg iru prghov
2 dqg > lw zloo eh vhhq wkdw prgho  vhhpv wr ehwwhu fdswxuh doo ri wkh ihdwxuhv
ri wkh gdwd glvwulexwlrq1 Jlyhq wklv dqg wkh idfw wkdw wkh khwhurjhqhrxv yduldqfhv
prgho dovr wv udwkhu ehwwhu wkh rwkhu ds*v wkdq wkh idw0wdlohg dowhuqdwlyh +li wkh
glhuhqfh ehwzhhq 2Eb ydoxhv ri eHb dqg ef phdqv dq|wklqj, dqg vlqfh zh
kdyh d suh0glvsrvlwlrq wrzdug prghoolqj shuvlvwhqw khwhurjhqhlw|/ zh vkdoo rqo|
sxuvxh wkh shuvlvwhqw khwhurjhqhlw| prgho lq wkh vxevhtxhqw dqdo|vlv1
Wkh qh{w prgho dgguhvvhv h{solflwo| wkdw qr prgho |hw frqvlghuhg fdswxuhv wkh
fruuhodwlrqv ehwzhhq wkh ROV huuru yduldqfhv dqg wkh ROV lqwhufhswv dqg vorshv1
Wkxv zh frqvlghu prgho 7 zklfk doorzv iru fruuhodwhg khwhurjhqhlw|1 Wr gr wklv/
wkh rqo| fruuhodwlrq ehwzhhq prgho sdudphwhuv dqg gdwd wkdw zh fdq doorz iru lq
rxu prghov lv zlwk wkh lqlwldo ydoxhv +vhh wkh glvfxvvlrq lq vhfwlrq 4,1 Vshflfdoo|/
zh wdnh prgho 6 dqg doorz wkdw wkh phdq ri wkh orjqrupdo glvwulexwlrq iru wkh
yduldqfhv lv d ghwhuplqlvwlf ixqfwlrq ri wkh lqlwldo ydoxhv +vhh Wdeoh 6 iru ghwdlov,1
Wkxv zh kdyh irxu sdudphwhuv +w/ #

/ #
2
dqg b, zlwk prgho 6 li b ’ f dqg prgho
4 li b ’ #
2
’ f1 Jlyhq wkh zd| zh prgho wkh fruuhodwhg khwhurjhqhlw| wkh reylrxv
dgglwlrqdo dx{loldu| sdudphwhu wr wdnh wr w wklv prgho lv wkh fruuhodwlrq ehwzhhq
wkh ROV lqwhufhswv dqg orj yduldqfhv1 Wdeoh 2 suhvhqwv wkh uhvxowv> wkh uhgxfwlrq
lv wkh jrrgqhvv ri w sdudphwhu vxjjhvwv wkdw wklv qhz sdudphwhu lv kljko| vljql0
fdqw1 Wkh qhz prgho qrz wv uhdvrqdeo| zhoo rq d qxpehu ri glphqvlrqv exw vwloo
grhv qrw fdswxuh wkh yduldwlrq lq wkh ROV lqwhufhsw dqg dxwruhjuhvvlyh sdudphwhu1
Wr dffrpprgdwh wkhvh/ prghov D dqg S dgg +xqfruuhodwhg, khwhurjhqhlw| lq wkh
guliw whupv dqg wkh E sdudphwhu1 Dgglqj wkh odwwhu dfklhyhv d frqvlghudeoh
lpsuryhphqw lq pdq| glphqvlrqv1 Iru h{dpsoh/ prgho S fdswxuhv pxfk ri wkh
qhjdwlyh fruuhodwlrq ehwzhhq wkh ROV vorsh dqg yduldqfh sdudphwhuv hyhq wkrxjk
zh gr qrw prgho wklv h{solflwo| qru xvh lw lq wkh wwlqj1
Rqh frqfhuq wkdw zh kdyh lv krz pxfk eldv lv lqwurgxfhg e| xvlqj mxvw lghq0
wlhg prghov udwkhu wkdq wwlqj wr doo wkh ds*v vlpxowdqhrxvo|1 Wr lqyhvwljdwh
5<
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wklv/ zh dovr hvwlpdwh prgho S xvlqj doo 22 ds*v1 Dv zh kdyh hpskdvlvhg deryh/
zh suhihu wkh aU surfhgxuh vlqfh wkhq zh fdq eh vxuh ri frqyhujhqfh1 Iru wkh
U hvwlpdwlrq zh xvh wkh aU hvwlpdwhv dv vwduwlqj ydoxhv> zh frxog qrw qg rwkhu
vwduwlqj ydoxhv wkdw jdyh d orzhu fulwhulrq exw wklv grhv qrw jxdudqwhh wkdw zh kdyh
uhdfkhg d joredo plqlpxp1 Wkh 2 ES vwdwlvwlf iru wkh U hvwlpdwlrq surfhgxuh
lv DHe1 Wklv lv/ ri frxuvh/ qhfhvvdulo| orzhu wkdq wkh jrrgqhvv ri w vwdwlvwlf ri
SfD iru wkh aU hvwlpdwhv/ exw qrw pxfk vr1 Frqvlvwhqw zlwk wklv/ wkh sdudphwhu
hvwlpdwhv duh yhu| forvh wr wkrvh iru wkh aU hvwlpdwhv1 Zh frqfoxgh wkdw lw grhv
qrw pdnh pxfk glhuhqfh zkhwkhu zh xvh wkh aU ru wkh U surfhgxuh iru wkh
qdo prgho1 Wklv grhv qrw uxoh rxw wkdw xvlqj wkh U surfhgxuh wkurxjkrxw rxu
h{sorudwru| dqdo|vlv pljkw qrw ohdg xv wr d glhuhqw suhihuuhg prgho1
Prgho S lv wkh prvw jhqhudo csxuh* xqlw urrw prgho zh vkdoo suhvhqw1 Wkh
jrrgqhvv ri w vwdwlvwlf lv vwloo srru e| frqyhqwlrqdo vwdqgdugv +d 2 ES ri SfD,
exw lw lv d frqvlghudeoh lpsuryhphqw rq pruh uhvwulfwhg prghov1 Wr uhlqirufh wklv/
lq Wdeoh e zh suhvhqw irupdo whvwv iru vrph uhvwulfwlrqv rq prgho S Wr gr wklv
zh wdnh wkh vl{ ds*v xvhg wr w prgho S dqg lq wxuq vhw hdfk ri irxu ri wkh prgho
sdudphwhuv wr }hur xvlqj wkh vdph ds*v wr w1 Wklv jlyhv d 2 E whvw vwdwlvwlf iru
hdfk uhvwulfwlrq1 Dv fdq vhhq/ doo ri wkh vlpsohu yduldqwv ri prgho S duh ghflvlyho|
uhmhfwhg djdlqvw wkh pruh jhqhudo prgho1 Lq sduwlfxodu/ wkh hylghqfh lv yhu| vwurqj
iru wkhuh ehlqj fruuhodwhg khwhurjhqhlw| ehwzhhq wkh lqlwldo ydoxh dqg wkh yduldqfh
ri wkh huuru whupv> zh vkdoo uhwxuq wr wkh lpsolfdwlrqv ri wklv ehorz1
Wdeoh e1 Whvwv iru wkh xqlw urrw prgho
Sdudphwhu
Uhvwulfwlrq uhvwulfwlrq 2 E
]hur phdq/ khwhurjhqhrxv PD+4, sdudphwhu w ’ f 2Sf
Krprjhqhrxv PD+4, sdudphwhu w2 ’ f D
Xqfruuhodwhg khwhurjhqhlw| lq yduldqfh b ’ f eD
Qr guliw iru dq|rqh1  ’ f 2eD
Wkh prvw jhqhudo xqlw urrw prgho wkdw zh fkrrvh wr w +prgho S, wv prvw ri
wkh ihdwxuhv ri wkh gdwd txlwh zhoo1 Lq sduwlfxodu/ wkh phdq dqg wkh yduldqfh ri wkh
ROV vorsh sdudphwhuv duh zhoo dssur{lpdwhg hyhq wkrxjk wkh prgho lpsrvhv wkdw
hyhu|rqh kdv d xqlw urrw1 Rq wkh rwkhu kdqg/ wkh w iru vrph ri wkh rwkhu ds*v lv
qrw vr jrrg1 Iru h{dpsoh/ zh ryhuhvwlpdwh wkh wuhqg lq wkh yduldqfh +cywuhqg*, dqg
xqghuhvwlpdwh wkh orqj uxq shuvlvwhqfh ri ehlqj lq wkh orzhvw txlqwloh +cs+5/49,*,1
Dv uhjdugv wkh iruphu/ wkh wlph sdwk ri wkh furvv0vhfwlrq yduldqfh iru wkh gdwd lv
qrw olqhdu/ dv zh zrxog h{shfw iurp d prgho lq zklfk hyhu|rqh kdv d xqlw urrw/
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exw udwkhu frqfdyh zklfk vxjjhvwv wkdw vrph djhqwv kdyh d vwdwlrqdu| surfhvv1
Wkxv lw vhhpv zruwk h{sorulqj krz zhoo vwdwlrqdu| prghov fdq w wkh gdwd1
8151 Vwdwlrqdu| prghov1
Wkh uvw vwdwlrqdu| prgho zh frqvlghu +prgho :, lv dq -Ec  zlwk wkh
vdph - sdudphwhu iru hyhu|rqh> wkdw lv/ prgho S zlwk d qrq0xqlw dxwruhjuhvvlyh
sdudphwhu +vhh Wdeoh  iru dq h{dfw vwdwhphqw,14; Qrwlfh wkdw wkh lqwhufhsw lv d
olqhdu ixqfwlrq ri wkh lqlwldo frqglwlrq +zlwk d frh!flhqw uhvwulfwhg wr eh htxdo wr
+  q,, soxv d udqgrp huuru1 Wkh qhz dx{loldu| sdudphwhu xvhg wr w q lv wkh
phdq ri wkh ROV vorsh1 Wkh hvwlpdwhg - sdudphwhu lv fHb dqg hvwlpdwhv iru
wkh rwkhu sdudphwhuv duh vlplodu wr wkdw rewdlqhg iru prgho S1 Rqh qrwhzruwk|
ihdwxuh ri prgho . lv wkdw lw wv wkh qhjdwlyh fruuhodwlrq ehwzhhq wkh ROV vorsh
dqg yduldqfh sdudphwhuv yhu| zhoo +vhh Wdeoh D, hyhq wkrxjk qr h{solflw doorzdqfh
lv pdgh iru vxfk d fruuhodwlrq1 Jlyhq wkhvh hvwlpdwhv zh fdq whvw ehwzhhq hyhu|rqh
kdylqj d xqlw urrw dqg hyhu|rqh kdylqj d vwdwlrqdu| surfhvv zlwk wkh vdph -
sdudphwhu1 Rxu VPG surfhgxuh jlyhv wzr dowhuqdwlyh whvwv iru wklv14< Wkh uvw
VPG edvhg whvw lv d Zdog whvw edvhg rq wkh w0ydoxh iru wkh glhuhqfh ehwzhhq
wkh gdwd dqg vlpxodwhg phdq ROV vorsh sdudphwhu/ cp+vo,*/ iru wkh uhvwulfwhg
prgho/ S> wklv lv S1 Dq dowhuqdwlyh whvw 0 zklfk fruuhvsrqgv wr d olnholkrrg
udwlr whvw 0 iroorzv wkh vdph surfhgxuh dv iru wkh whvwv ri uhvwulfwhg yhuvlrqv ri
prgho S1 Wkdw lv/ zh hvwlpdwh rxu suhihuuhg xqlw urrw prgho +prgho S, zlwk
wkh h{wud ds xvhg lq prgho . zlwk q uhvwulfwhg wr eh htxdo wr xqlw|1 Wkh 2 E
vwdwlvwlf iru wkh jrrgqhvv ri w lv fSS1 Wkxv erwk whvwv vxjjhvw wkdw wkh sxuh xqlw
urrw prgho zrxog qrw eh uhmhfwhg djdlqvw d vwdwlrqdu| prgho zlwk d krprjhqhrxv
- sdudphwhu1 Krzhyhu/ wkh xqghuhvwlpdwh iru wkh yduldqfh ri wkh ROV vorsh
sdudphwhuv lq prgho . +d suhglfwhg ydoxh ri .bD dv djdlqvw bee iru wkh gdwd/ zlwk
d w0ydoxh ri 22, vxjjhvwv wkdw lw pd| eh zruwk lqyhvwljdwlqj zkhwkhu zh vkrxog
doorz iru d khwhurjhqhrxv - sdudphwhu1 Iru wkh prphqw zh vkdoo pdlqwdlq
vwdwlrqdulw| iru hyhu|rqh zlwk d srvlwlyh - sdudphwhu/ vr wkdw wkh ydoxhv duh
frqvwudlqhg wr olh zlwklq wkh rshq lqwhuydo Efc > hvwlpdwhv zlwk d vxssruw ri
4;Zh ri frxuvh dovr wulhg wkh vlpsohu vwdwlrqdu| prghov fruuhvsrqglqj wr prghov 4 wr 8> wkh|
doo w pxfk zruvh wkdq rxu vwduwlqj srlqw khuh dqg duh qrw uhsruwhg iru wkh vdnh ri h{srvlwlrqdo
sduvlprq|1
4<Lq ixwxuh zrun zh vkdoo lqyhvwljdwh wkh surshuwlhv ri wkhvh surfhgxuhv djdlqvw pruh frqyhq0
wlrqdo whvwv iru c{hg W * frqwh{wv/ vxfk dv wkrvh sursrvhg lq Kduulv dqg W}dydolv +4<<<,1 Rwkhu
whvwv zh zrxog olnh wr frqvlghu duh olnholkrrg udwlr whvwv ri prghov 9 dqg : vxfk dv wkrvh sursrvhg
e| Yxrqj +4<;<,1
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Ec  jdyh yhu| vlplodu uhvxowv wr wkrvh uhsruwhg khuh1 Wr gr wklv/ lq prgho H zh
prgho wkh - sdudphwhuv dv ehlqj glvwulexwhg dv d orjlvlwlf glvwulexwlrq +vhh Wdeoh
 iru ghwdlov,1 Wkh sdudphwhuv uhsruwhg lq Wdeoh  lpso| wkdw wkh glvwulexwlrq
ri - sdudphwhuv lv kljko| vnhzhg> wkh phdq dqg phgldq duh fb2 dqg fbD
uhvshfwlyho| zlwk d uvw shufhqwloh dqg uvw ghfloh ri fS dqg fH2 uhvshfwlyho|1
Wkh 2 E2 vwdwlvwlf iru wkh whvw ri wkh khwhurjhqhrxv vwdwlrqdu| prgho djdlqvw d
sxuh xqlw urrw prgho lv 2H1 Frqvhtxhqwo| zh frqfoxgh wkdw wkh xqlw urrw prgho
lv wr eh +vwdwlvwlfdoo|, suhihuuhg wr wkh khwhurjhqhrxv vwdwlrqdu| prgho1 Rq wkh
rwkhu kdqg/ wkh sdudphwhu ydoxhv ri wkh odwwhu dqg wkh sloh0xs ri wkh glvwulexwlrq
forvh wr xqlw| +vhh jxuh 814/ sdqho E, vxjjhvw wkdw d pl{wxuh prgho lq zklfk
vrph djhqwv kdyh d xqlw urrw dqg rwkhuv d vwdwlrqdu| surfhvv pljkw gr ehwwhu
wkdq hlwkhu ri wkh csxuh* prghov> lw lv wr wklv wkdw zh qrz wxuq1
8161 Pl{hg prghov1
Wkh pl{wxuh prgho zh frqvlghu lv d pl{wxuh ri wkh xqlw urrw prgho S=
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zlwk d pl{lqj sdudphwhu ri Z iru wkh suredelolw| ri ehlqj d vwdwlrqdu| prgho1
Prghov S dqg . kdyh  sdudphwhuv ehwzhhq wkhp1 Zh gr qrw kdyh hqrxjk ds*v
wr hvwlpdwh wkhvh dqg wkh pl{lqj sdudphwhu iru wkh zkroo| xquhvwulfwhg prgho/ vr
wkdw zh qhhg wr lpsrvh vrph uhvwulfwlrqv rq wkh yduldwlrq ri sdudphwhuv dfurvv
wkh wzr prghov1 Wr fkrrvh wkhvh uhvwulfwlrqv/ zh uvw frpsduh wkh sdudphwhu
hvwlpdwhv iru wkh sxuh prghov jlyhq lq Wdeoh > iru frqyhqlhqfh/ wkh frpsdulvrqv
duh jlyhq lq Wdeoh S1
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Wdeoh S= frpsdulvrq ri sdudphwhu hvwlpdwhv1
Prgho S +xqlw urrw, Prgho . +vwdwlrqdu|,
q  fHb
jkc jv fff. ff22
#

ffDb ffDH
#
2
ff2b ff2b
b D eD
w feH fS
w2 f2H f2.
Dv fdq eh vhhq/ wkh wzr hvwlpdwhv iru wkh clqwhufhsw* sdudphwhuv +jk dqg jv,
glhu udglfdoo|1 Wklv vlpso| uh hfwv wkh yhu| glhuhqw uroh wkdw wkh lqwhufhsw sod|v
lq vwdwlrqdu| dqg xqlw urrw prghov1 Iru wkh iruphu/ khwhurjhqhlw| lq wkh lqwhufhsw
uhsuhvhqwv khwhurjhqhlw| derxw wkh wkhruhwlfdoo| suhglfwhg lqwhufhsw E q +
zkhuhdv iru xqlw urrw prghov lw uhsuhvhqwv khwhurjhqhlw| lq jurzwk udwhv +guliwv,1
Dv zh zrxog h{shfw wkhuh lv frqvlghudeo| pruh yduldwlrq lq wkh iruphu wkdq lq
wkh odwwhu1 Rq wkh rwkhu kdqg wkh rwkhu ydoxhv duh doo txlwh vlplodu +wkh 
sdudphwhu +w dqg w2, hvwlpdwhv duh uhodwlyho| lpsuhflvh vr wkdw wkh glhuhqfhv
duh qrw lpsruwdqw vwdwlvwlfdoo|, vr wkdw lw vhhpv dffhswdeoh wr uhvwulfw wkhp wr eh
htxdo dfurvv wkh wzr pl{wxuhv +#

’ #r

c #
2
’ #r
2
hwf1,1 Wklv jlyhv b sdudphwhuv=
Ejkc jvc #c #2c bc wc w2c qc Z1 Hyhq wklv lv wrr pdq|/ vr wkdw zh lpsrvh wkdw wkhuh
lv qr khwhurjhqhlw| lq wkh guliw iru wkh xqlw urrw> wkdw lv/ zlwk jk zh vhw wr }hur1 Wr
prgho wkh pl{wxuh zh wdnh gudzv iurp d xqlw xqlirup glvwulexwlrq dqg dvvljq doo
vlpxodwhg djhqwv zlwk d ydoxh deryh d fhuwdlq fxw0r +Z/ cwkh suredelolw| ri ehlqj
vwdwlrqdu|*, wr kdylqj d xqlw urrw zlwk qr guliw1 Rwkhuzlvh d vlpxodwhg djhqw lv
dvvljqhg wr kdylqj d vwdwlrqdu| surfhvv1 Dv lv xvxdo zlwk vlpxodwhg glvfuhwh prghov
zh kdyh wr lqwurgxfh vrph vprrwkqhvv lq wkh dvvljqphqw wr pdnh wkh rwslplvlqj
dojrulwkpv zrun> zh gr wklv e| uhsodflqj wkh f* dvvljqphqw e| d Qrupdo fgi zlwk
d yhu| vpdoo yduldqfh vr wkdw djhqwv zkr kdyh xqlirup gudzv wkdw duh glvwdqw iurp
wkh fxw0r srlqw Z duh dvvljqhg }hur ru xqlw| exw d vpdoo qxpehu ri djhqwv forvh
wr wkh fxw0r srlqw duh dvvljqhg d ydoxh ehwzhhq }hur dqg xqlw|1 Lq sudfwlfh/
zh fdq wdnh d cwljkw* erxqg dqg rqo| rqh shufhqw ri rxu vlpxodwhg djhqwv kdyh
d suredelolw| ri ehlqj vwdwlrqdu| wkdw lv ehwzhhq I dqg bbI1 Wkh sdudphwhu
hvwlpdwhv duh jlyhq lq Wdeoh 2 dqg wkh wv duh jlyhq lq Wdeoh D1 Zh hvwlpdwh
wkdw fI ri rxu djhqwv kdyh d vwdwlrqdu| surfhvv zlwk dq - sdudphwhu ri fb1
Jlyhq wkhvh hvwlpdwhv zh fdq dovr whvw wkh wzr suhihuuhg csxuh* prghov/ S dqg .1
Wkh odwwhu lv jlyhq e| uhvwulfwlqj Z wr xqlw|> wkh 2 E vwdwlvwlf lv f2S vr wkdw zh
zrxog fhuwdlqo| qrw uhmhfw wkh krprjhqhrxv vwdwlrqdu| prgho djdlqvw wkh pl{wxuh
67
prgho1 Wr whvw iru wkh sxuh xqlw urrw prgho zlwk khwhurjhqhrxv guliwv/ qrwh wkdw
li zh lpsrvh Z ’ f dqg q ’  wkhq zh kdyh prgho S> wkh 2 E2 vwdwlvwlf iru wklv
uhvwulfwlrq lv 2. vr wkdw zh zrxog qrw uhmhfw wkh xqlw urrw zlwk khwhurjhqhrxv
guliwv1
8171 Vrph lpsolfdwlrqv ri wkh hvwlpdwhv1
Zh fdq qrz sxoo wrjhwkhu wkh lpsolfdwlrqv ri wkh iruhjrlqj dqdo|vlv1 Iluvw/ dv
zh kdyh vhhq/ wkh xqlw urrw prgho +prgho 9, dqg wkh vwdwlrqdu| prgho +prgho
:, fdqqrw eh uhmhfwhg djdlqvw wkh pl{wxuh prgho +prgho <,1 Zh dovr irxqg wkdw
wkh xqlw urrw prgho lv qrw uhmhfwhg djdlqvw wkh vwdwlrqdu| prgho1 Wkxv zh fdq
frqfoxgh wkdw wkh suhihuuhg prgho iru wklv gdwd lv wkh rqh wkdw lpsxwhv d xqlw urrw
wr hyhu|rqh1 Qrwh wkdw rxu yhuvlrq ri wkh csxuh* xqlw urrw fdvh doorzv iru pxfk
pruh khwhurjhqhlw| wkdq dq| ri wkh xqlw urrw prghov jlyhq lq Wdeoh 1 Zh qrz
eulh | suhvhqw wzr lpsolfdwlrqv ri wklv h{wud khwhurjhqhlw|1
Lq jxuh 816 zh suhvhqw wkh glvwulexwlrq ri yduldqfhv lpsolhg e| prgho S sdud0
phwhu hvwlpdwhv1 Zh dovr dgg d yhuwlfdo olqh dw wkh +krprjhqhrxv exw idw wdlohg,
yduldqfh jlyhq iru prgho 2 Wkh lpsruwdqw ihdwxuh ri wkh jxuh lv wkdw wkh phdq
ri wkh glvwulexwlrq lv forvh wr wkh krprjhqhrxv hvwlpdwh vr wkdw dq| lqihuhqfhv
wkdw xvh olqhdu ixqfwlrqv ri wkh yduldqfh duh xqolnho| wr eh pxfk dhfwhg e| doorz0
lqj iru khwhurjhqhlw|1 Rq wkh rwkhu kdqg/ pdq| xvhv ri wkh hduqlqjv surfhvv xvh
qrq0olqhdu ixqfwlrqv ri wkh yduldqfh1 D suh0hplqhqw h{dpsoh lv wkh olwhudwxuh rq
wkh lpsruwdqfh ri wkh suh0fdxwlrqdu| prwlyh iru vdylqj +vhh/ iru h{dpsoh/ Fduuroo
dqg Vdpzlfn +4<<:,,1 Lpsdwlhqw djhqwv zlwk d suhfdxwlrqdu| prwlyh dqg jlyhq
oderxu vxsso| kdyh d vdylqj ixqfwlrq zklfk lv lqfuhdvlqj dqg frqyh{ lq hduqlqjv
ulvn1 Wkxv djhqwv zkr kdyh d yduldqfh ri/ vd|/ wzlfh wkh prgh +wkdw lv/ derxw f,
zloo kdyh d pxfk kljkhu ohyho ri suhfdxwlrqdu| vdylqj wkdq wkrvh dw wkh prgh> dw
wkh yhu| wrs ri wkh glvwulexwlrq d yduldqfh ri f2 lv yhu| kljk lqghhg +rqh wklug
ri wkh wlph hduqlqjv zloo hlwkhu ulvh ru idoo e| ryhu DI, dqg djhqwv zrxog qhhg
vxevwdqwldo exhu vwrfnv wr vprrwk frqvxpswlrq lq wkh idfh ri wklv yduldwlrq1 Frq0
yhuvho|/ yhu| pdq| djhqwv zloo kdyh doprvw qr suhfdxwlrqdu| prwlyh vlqfh wkhlu
hduqlqjv yduldqfh lv vpdoo1 Wkxv wkh khwhurjhqhlw| lq hduqlqjv zloo wudqvodwh lqwr
dq hyhq pruh glvshuvhg exhu vwrfn vdylqjv glvwulexwlrq1 Qrwh/ krzhyhu/ wkdw
wklv dvvxphv {hg oderxu vxsso|> li vrph ri wkh yduldwlrq lq hduqlqjv lv gxh wr
yduldwlrqv lq oderxu vxsso| +shukdsv lq uhvsrqvh wr yduldwlrqv lq zdjhv, zklfk lv
qrw wr eh dffrxqwhg ulvn153
53Dowkrxjk zh kdyh frqglwlrqhg rq ehlqj lq ixoo wlph hpsor|phqw iru wkh zkroh 49 |hdu shulrg/
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Iljxuh 816= Wkh glvwulexwlrq ri yduldqfhv
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Wkh rwkhu lpsolfdwlrq ri wkh khwhurjhqhlw| zh kdyh irxqg wkdw zh zlvk wr
kljkoljkw lv jlyhq lq jxuh 817 zklfk suhvhqwv wkh uhodwlrqvkls ehwzhhq wkh lqlwldo
ydoxh dqg wkh yduldqfh1 Dv fdq eh vhhq/ wkhuh lv d srvlwlyh wudgh0r ehwzhhq
lqlwldo ydoxh dqg vkruw uxq ulvn +wkh huuru yduldqfh, lpsolhg e| wkh sdudphwhu
hvwlpdwhv iurp prgho S1 Wkh pdlq fxuyh lv wkh ghwhuplqlvwlf ixqfwlrq jlyhq e|
	#

i T

	b+

dqg wkh frqghqfh lqwhuydov duh jlyhq e| wkh xvxdo pdqlsxodwlrqv ri
wkh orj Qrupdo154 Dv fdq eh vhhq wkh uhodwlrqvkls lv srvlwlyh/ zklfk lv frqvlvwhqw
zlwk d prgho lq zklfk djhqwv wudgh r lqlwldo ydoxh djdlqvw vkruw uxq ulvn1 Wklv
lv d srwhqwldoo| lpsruwdqw qglqj wkdw fdq rqo| eh doorzhg iru lq d prgho zklfk
kdv fruuhodwhg khwhurjhqhlw| lq wkh yduldqfhv1
Wkhvh wzr h{dpsohv looxvwudwh wkdw vrph lpsruwdqw lqihuhqfhv duh vhqvlwlyh wr
dvvxpswlrqv uhjduglqj khwhurjhqhlw|1 Zh frqvlghu qrz zkhwkhu wkh surfhvv irxqg
rq wkh Gdqlvk vdpsoh 0 hyhu|rqh zlwk d xqlw urrw dqg dq PD+4, surfhvv zlwk
doo sdudphwhuv ydu|lqj 0 fdq eh frqvlghuhg cjhqhulf* lq wkh vhqvh wkdw zh fdq xvh
wklv iru rwkhu vdpsohv1 Wr gr wklv/ zh frqvlghu d yhu| glhuhqw vdpsoh ri zrunhuv
gudzq iru wkh SVLG1
8181 Hylghqfh iurp wkh SVLG1
Zh kdyh fkrvhq wr xvh d Gdqlvk vdpsoh vlqfh zh fdq frqvwuxfw d yhu| krprjhqhrxv
vdpsoh exw vwloo kdyh d uhodwlyho| odujh gdwd vhw1 Wkh txhvwlrq dulvhv= lv wkhuh
zrunhuv pd| kdyh d orw ri ryhuwlph1 Qrwh dv zhoo wkdw wklv lv pruh suhydohqw iru wkh vdpsoh 0
wkrvh zlwk d wudlqlqj dv soxpehuv/ hohfwulfldqv hwf1 0 zh kdyh fkrvhq1
54Irupdoo| wkh phdq ri wkh lqglylgxdo yduldqfhv lv=
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Iljxuh 817= Wkh wudgh0r ehwzhhq ohyhov dqg ulvn1
6;
vrphwklqj xqxvxdo derxw Gdqlvk zrunhuv wkdw pdnhv wkhlu hduqlqjv surfhvvhv pruh
khwhurjhqhrxv wkdq zh zrxog vhh hovhzkhuhB Wr eh vxuh/ wkh Gdqlvk oderxu pdunhw
hqylurqphqw lv yhu| glhuhqw wr wkdw ri/ vd|/ wkh X1V1 ru wkh X1N1 +iru h{dpsoh/
kljk ohyhov ri xqlrqlvdwlrq> doprvw qr hpsor|phqw surwhfwlrq odzv> yhu| jhqhurxv
xqhpsor|phqw lqvxudqfh surylvlrqv hwf1, dqg wkhvh glhuhqfhv pljkw ohdg wr pruh
khwhurjhqhrxv hduqlqjv surfhvvhv1 Lq wklv vxe0vhfwlrq zh surylgh d eulhi dffrxqw
ri wkh dssolfdwlrq ri rxu phwkrgv wr d vdpsoh gudzq iurp wkh SVLG1 Wkh vdpsoh
frqvlvwv ri .b2 pduulhg phq zkr duh hdfk iroorzhg iru dw ohdvw S |hduv1 H{dfw
ghwdlov ri wkh vdpsoh fdq eh irxqg lq wkh Dsshqgl{(21 Wkh pdlq glhuhqfhv iurp
wkh Gdqlvk vdpsoh duh wkdw zh gr qrw uxoh rxw xqhpsor|phqw dqg zh kdyh d pruh
glyhuvh hgxfdwlrqdo edfnjurxqg> d vwulqjhqw vhohfwlrq dv iru wkh Gdqlvk gdwd zrxog
ohdyh xv zlwk d yhu| vpdoo vdpsoh1 Lq wkh uvw froxpq ri Wdeoh . zh suhvhqw wkh
vdpsoh dx{loldu| sdudphwhu ydoxhv1 Wkhuh duh vrph qrwlfhdeoh glhuhqfhv ehwzhhq
wkhvh dqg wkh fruuhvsrqglqj ydoxhv iru wkh Gdqlvk gdwd1 Iluvw/ iru wkh ROV wv/ wkh
phdq ri wkh ROV vorshv lv pxfk orzhu lq wkh SVLG gdwd dqg wkh phdq ri wkh huuru
yduldqfhv lv pxfk kljkhu1 Wkh iruphu vxjjhvwv wkdw sxuh xqlw urrw prghov pljkw
qrw gr dv zhoo dv prghov zlwk vrph vwdwlrqdu| djhqwv1 Wkh kljkhu phdq yduldqfh
lv suredeo| fdxvhg e| wzr idfwruv= wkh vdpsoh vhohfwlrq zklfk grhv qrw uxoh rxw
xqhpsor|phqw vshoov iru wkh SVLG vdpsoh dqg wkh kljkhu phdvxuhphqw huuru lq
wkh SVLG gdwd1 Wkh kljkhu +lq devroxwh ydoxh, phdq dxwr0fruuhodwlrq dqg orzhu
yduldqfh iru wkh ROV dxwr0fruuhodwlrq duh dovr frqvlvwhqw zlwk wkh odwwhu vxjjhvwlrq
vlqfh uvw glhuhqflqj qrlvh ohdgv wr d qhjdwlyh E huuru frpsrqhqw dqg dq
dwwhqxdwlrq ri wkh yduldqfh ri wkh dxwr0fruuhodwlrq sdudphwhu hvwlpdwhv1
Lq whupv ri wkh vxevwdqwlyh ds*v +wkrvh qrw edvhg rq wkh ROV uhjuhvvlrqv, zh
vhh wkdw wkh SVLG gdwd kdv d pxfk kljkhu wuhqg lq wkh yduldqfh +clqhtxdolw|* lv
lqfuhdvlqj pruh ryhu wlph,> wklv pd| eh dwwulexwdeoh wr wkh idfw wkdw lq wkh SVLG
zh kdyh d pruh glyhuvh vdpsoh lq whupv ri hgxfdwlrq vr wkdw wkh wuhqg ryhu wlph
frqwdlqv d ehwzhhq jurxs frpsrqhqw dv zhoo dv wkh zlwklq jurxs frpsrqhqw vhhq
lq wkh Gdqlvk gdwd1 Wkh rwkhu vwulnlqj ihdwxuh ri wkh frpsdulvrq ri vxevwdqwlyh
ds*v lv wkdw wkh yduldqfh ri wkh uvw glhuhqfhg gdwd lv pxfk kljkhu lq wkh SVLG>
wklv lv frqvlvwhqw zlwk wkh qglqj iru wkh ROV huuru yduldqfhv glvfxvvhg deryh1
Doo ri wklv vxjjhvwv wkdw zh vkrxog qrw dxwrpdwlfdoo| h{shfw wkdw wkh vdph fodvv
ri prgho wkdw zdv suhihuuhg iru wkh Gdqlvk gdwd +prgho S lq zklfk hyhu|rqh kdv
d xqlw urrw exw sdudphwhuv duh yhu| khwhurjhqhrxv, zloo zrun zhoo khuh1
Wkh uvw prgho zh frqvlghu iru wkh SVLG lv wkh forvhvw wr wkh Derzg dqg Fdug
dqg PdFxug| vshflfdwlrqv +zh vkdoo uhihu wr lw dv DFP, zklfk wkh| wwhg rq
wkh SVLG> wklv lv prgho 2/ zklfk dvvxphv wkdw hyhu|rqh kdv dqE lq uvw gli0
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ihuhqfhv zlwk wkh vdph E sdudphwhu dqg d qrq0Qrupdo huuru glvwulexwlrq155
Zh w wr wkh phdq ri wkh ROV orj yduldqfhv +cp+oy,*, dqg wkh yduldqfh dqg uvw
rughu dxwrfruuhodwlrq1 ri wkh uvw glhuhqfhv +cydu/ G* dqg cdf4/ G*,> wkh odwwhu wzr
duh fkrvhq vr dv wr eh dv forvh dv srvvleoh wr wkh ruljlqdo DFP surfhgxuh1 Wkh
uhvxowv duh suhvhqwhg lq Wdeoh .1 Wkh jrrgqhvv ri w vwdwlvwlf lv yhu| kljk vr wkdw
wkh prgho grhv qrw w yhu| zhoo wkh rwkhu ds*v1 Lq sduwlfxodu/ wkh DFP prgho
ryhu0suhglfwv wkh wuhqg lq yduldqfh yhu| vxevwdqwldoo|1 Lq whupv ri wkh ROV ds*v/
wkh DFP prgho vxevwdqwldoo| ryhu0suhglfwv wkh yduldqfh ri wkh ROV lqwhufhswv
dqg wkh huuru yduldqfhv1 Lw lv lpsruwdqw wr qrwh wkdw qrqh ri wkh gldjqrvwlfv xvhg
e| Derzg dqg Fdug dqg PdFxug| zrxog slfn xs wkhvh hpslulfdo idloxuhv ri wkh
prgho1 Jlyhq wkdw wklv sxuh xqlw urrw prgho grhv qrw gr yhu| zhoo/ lw pljkw eh
krshg wkdw wkh pruh jhqhudo rqh irxqg rq wkh Gdqlvk gdwd +prgho S, zrxog gr
pxfk ehwwhu1 Lq idfw/ wkh frqyhuvh lv wuxh1 Xvlqj wkh vdph ds*v wr w dv iru wkh
Gdqlvk gdwd/ prgho S grhv qrw hyhq frqyhujh> wkh orzhvw ydoxh zh fdq qg +diwhu
dq h{whqvlyh vhdufk iru vwduwlqj ydoxhv, lv derxw 1 Dv fdq eh vhhq iurp Wdeoh
. wkh sureohp lv zlwk wkh yduldqfh ri wkh ROV lqwhufhswv= zh dozd|v ryhu0suhglfw
zklfk vxjjhvwv wkdw wkh prgho lqwurgxfhv wrr pxfk yduldwlrq lqwr wkh guliw whupv1
Wklv lv frquphg e| wkh idfw wkdw wkh guliw yduldqfh sdudphwhu lv gulyhq wr }hur
lq wkh hvwlpdwlrq1
Fohduo|/ wkhq/ zh fdqqrw vlpso| h{sruw uhvxowv rq wkh suhihuuhg fodvv ri surfhvvhv
iurp rqh vdpsoh wr dqrwkhu1 Zh vkdoo vsduh wkh uhdghu wkh vshflfdwlrq vhdufk
pdgh iru wkh SVLG vdpsoh xvhg khuh/ exw wkh prgho wkdw zh irxqg wkdw wwhg
ehvw zdv dq hljkw sdudphwhu vwdwlrqdu| -Ec  prgho zlwk khwhurjhqhrxv
- sdudphwhuv=
+| ’ k n q+c|3 n 0| n w0c|3
k ’ +
q i T Eq n q2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2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Zh uhihu wr wklv dv prgho f vlqfh lw lv qrw qhvwhg zlwklq dq| ri wkh suhylrxv
prghov +dowkrxjk lw lv forvh wr prgho H zlwk d glhuhqw surfhvv iru wkh lqwhufhsw
k,1 Lq prgho f zh gr qrw irufh wkh lqwhufhsw wr kdyh d phdq ri E q +
55Wkh plqlpxp glvwdqfh whfkqltxhv xvhg e| Derzg dqg Fdug dqg PdFxug| glg qrw uhtxluh
d vshflfdwlrq iru wkh huuru glvwulexwlrq dqg khqfh gr qrw uhvwulfw wkh huuruv wr eh Qrupdoo|
glvwulexwhg1
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dv iru wkh Gdqlvk gdwd> wklv zhdnhqlqj lv qhfhvvdu| wr dffrpprgdwh wkh ryhu0
suhglfwlrq ri wkh ROV lqwhufhsw yduldqfh1 Wkh fkrlfh ri ds*v +lq idfw wkh vdph dv
iru prgho H iru wkh Gdqlvk gdwd, dqg wkh w ri wklv prgho duh jlyhq lq Wdeoh .1
Wkh prvw vdwlvi|lqj dvshfw ri wklv prgho lv wkdw wkh jrrgqhvv ri w iru wkh prgho
0 d 2 Ee ri fe 0 lqglfdwhv wkdw wklv prgho grhv w dghtxdwho| doo ri wkh ds*v
zh kdyh fkrvhq wr prgho1 Wkh sdudphwhu ydoxh hvwlpdwhv duh=
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Wkh hvwlpdwhv iru wkh - sdudphwhuv jlyh d glvwulexwlrq wkdw lv vnhzhg/ wkh phdq
dqg phgldq duh fHD dqg fb2 uhvshfwlyho|/ exw vwloo zlwk d vxevwdqwldo qxpehu ri
djhqwv zlwk d orz sdudphwhu= wkh uvw ghfloh ydoxh lv fS1 Wkxv iru rxu SVLG
vdpsoh lw vhhpv wkdw zh qhhg wr dvvxph wkdw hyhu|rqh kdv d vwdwlrqdu| surfhvv
zlwk khwhurjhqhrxv - sdudphwhuv1
91 Frqfoxvlrqv1
Lq wklv sdshu zh kdyh frqvlghuhg wkh hvwlpdwlrq rq sdqho gdwd ri d xqlyduldwh
hduqlqjv surfhvv doorzlqj iru orwv ri khwhurjhqhlw|1 Wr gr wklv zh kdyh dgdswhg
wkh VPG hvwlpdwru wr wkh g|qdplf sdqho/ {hg A iudphzrun dqg zh kdyh vkrzq
krz wr frqgxfw lqihuhqfh1 Wkh VPG dssurdfk lv mxvwlhg rq wkh jurxqgv wkdw/
d sulrul/ zh kdyh qr lghd zkdw irup khwhurjhqhlw| vkrxog wdnh vr wkdw zh qhhg
wr vwduw zlwk vlpsoh prghov dqg exlog xs wr pruh jhqhudo rqhv1 D qxpehu ri
frqfoxvlrqv hphujh iru wkh prghoolqj ri hduqlqjv surfhvvhv=
 Iru d yhu| krprjhqrxv vdpsoh ri Gdqlvk zrunhuv/ zh qg vljqlfdqwo| pruh
khwhurjhqhlw| wkdq dq| suhylrxv lqyhvwljdwru kdv doorzhg iru1
 Iru rxu suhihuuhg prgho iru wkh Gdqlvk gdwd/ zh duh xqdeoh wr dfklhyh d uhdoo|
vdwlvidfwru| w wr wkh vwdwlvwlfv qrw xvhg lq wkh wwlqj1 Wklv vxjjhvwv wr xv
wkdw zh qhhg wr uhod{ wkh wzr vwhs surfhgxuh wkdw uvw uhjuhvvhv hduqlqjv
rq wlph gxpplhv dqg lqglylgxdo fkdudfwhulvwlfv1 Wklv wzr vwhs surfhgxuh
hvvhqwldoo| dvvxphv wkdw doo khwhurjhqhlw| fruuhodwhg zlwk wkhvh idfwruv fdq
eh fdswxuhg wkurxjk khwhurjhqhlw| lq wkh ohyhov uhjuhvvlrq lqwhufhsw1 Wkxv
zh qhhg wr lqwhjudwh wkh prghoolqj ri wkh zdjh htxdwlrq +wkh ohyhov htxdwlrq,
zlwk wkh g|qdplf surfhvv1
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 Iru wkh Gdqlvk vdpsoh zh irxqg wkdw zh fdq dffrxqw uhdvrqdeo| zhoo iru wkh
wlph vhulhv idfwv zlwkrxw dvvxplqj fkdqjhv lq sdudphwhuv ryhu wlph +h{fhsw
iru wkrvh lpsolflw lq wkh uvw urxqg uhjuhvvlrq,/ vxfk dv lqfuhdvlqj phdq ulvn1
 Iru wkh Gdqlvk vdpsoh d surfhvv wkdw lpsxwhv d xqlw urrw wr hyhu|rqh grhv
ehvw1
 Wkh vshflf frqfoxvlrq rq wkh Gdqlvk vdpsoh lv qrw ch{sruwdeoh* vlqfh dq lq0
yhvwljdwlrq rq d SVLG vdpsoh ohdgv wr d frpsohwho| glhuhqw surfhvv= hyhu|0
rqh kdv d vwdwlrqdu| surfhvv zlwk khwhurjhqrxv - E sdudphwhuv1 Wklv
surfhvv jlyhv d jrrg w wr doo ri wkh g|qdplf ihdwxuhv ri wkh SVLG1
 Wkh doorzdqfh iru khwhurjhqhlw| lv fulwlfdo iru pdq| vxevwdqwlyh frqfoxvlrqv1
Zh kdyh fkrvhq wr kljkoljkw wzr= wkh lpsdfw rq wkh glvwulexwlrq ri suhfdx0
wlrqdu| vdylqj dqg wkh uhodwlrqvkls ehwzhhq wkh vwduwlqj ydoxhv dqg ulvn/ exw
doprvw doo xvhv ri wkh surfhvv hvwlpdwhv zloo eh vhulrxvo| dhfwhg1
Wkh iruhjrlqj dqdo|vlv vxjjhvwv d qxpehu iru gluhfwlrqv iru ixwxuh zrun1 Iluvw
lw zloo eh iuxlwixo wr fkhfn krz zhoo VPG edvhg lqihuhqwldo surfhgxuhv iru {hg
A xqlyduldwh sdqho gdwd gr djdlqvw rwkhu whvwv iru/ iru h{dpsoh/ xqlw urrwv yhuvxv
vwdwlrqdu| surfhvvhv1 Uhodwhg wr wklv/ zh sodq wr frpsduh wkh VPG wv wr PO
wv iru rxu suhihuuhg prghov1 Vhfrqg/ lw zrxog dovr eh ri lqwhuhvw wr ghyhors iru0
pdo whvwv ehwzhhq prghov vxfk rxuv zklfk kdyh d jrrg ghdo ri lqglylgxdo c{hg*
khwhurjhqhlw| dqg prghov wkdw doorz iru wlph ydu|lqj pdfur sdudphwhuv1 Wklug/
wkh phwkrgv khuh frxog eh dssolhg wr prghov ri hduqlqjv surfhvvhv wkdw duh qrw
edvhg rq wkh frqyhqwlrqdo wzr vwhs uhjuhvvlrq surfhgxuh1 Iru h{dpsoh/ iru vwd0
wlrqdu| prghov zlwk khwhurjhqhrxv - E sdudphwhuv zh frxog doorz wkdw wklv
khwhurjhqhlw| lv fruuhodwhg zlwk djh1 Ilqdoo|/ wkh phwkrgv vxjjhvwhg khuh frxog
eh dssolhg wr pxowlyduldwh surfhvvhv iru/ iru h{dpsoh/ xqhpsor|phqw dqg hduqlqjv
ru iru mrlqw kxvedqg dqg zlih hduqlqjv1 Wkh odwwhu zrxog doorz xv wr frqvlghu/ iru
h{dpsoh/ zkhwkhu hduqlqjv ulvnv duh fruuhodwhg zlwklq wkh krxvhkrog1
Wr vxp xs= rxu eurdg frqfoxvlrq lv wkdw wkhuh lv pxfk pruh khwhurjhqhlw| lq
hduqlqjv surfhvvhv erwk zlwklq jurxsv dqg ehwzhhq jurxsv wkdq kdv suhylrxvo|
ehhq doorzhg iru1 Wklv zloo pdnh ixwxuh prghoolqj pruh gl!fxow vlqfh zh fdqqrw
vlpso| sxoo grzq dq hduqlqjv surfhvv r wkh vkhoi lq dq| jlyhq frqwh{w1 Rxu
uhvxowv dovr lqglfdwh wkdw qrw dffrxqwlqj iru khwhurjhqhlw| pd| ohdg wr vhulrxv
eldv lq vxevwdqwlyh lqihuhqfhv1
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D1 Suhylrxv vwxglhv1
WDEOH D4= Suhy lrxv vwxglhv1
Dxwkru Gdwd / vdpsoh vl}h Xqlw urrw ru
+|hdu, dqg shulrg vwdwlrqdu|
Kdxvh Vzhglvk Orz0lqfrph Frpp lvlrq vwxg|/ 468 lqg ly lgxd ov xqlw ur rw lq ohyhov
+4<::, 4<8404<99 +: shulrgv,
O loodug dqg Z loolv SVLG / 4477 lqg ly lgxdov qrq xqlw urrw lq ohyhov
+4<:;, 4<9:04<:6 +: |hdu,
O loodug dqg Zhlvv Qdwlrqd o Vf lhqfh Irxqgdwlrq *v Uhj1/ 7663 rev qrq xqlw urrw lq ohyhov
+4<:<, 4<9304<:3 +hyhu| vhfrqg |hdu,
PdFxug| SVLG / 846 lqg ly lgxd ov xq lw urrw lq ohyh ov
+4<;5, 4<9:04<:9 +43 |hduv, qrq xqlw urrw lq  uvw gl huhqfhv
Derzg dqg Fdug SVLG / 477; xqlw ur rw lq ohyhov
+4<;<, 4<9<04<:< +44 |hduv, qrq0xqlw urrwv lq  uvw g l huhqfhv
QOV/ 4649
4<9904<:8 +9 |hduv,
Vhdwwoh dqg Ghqyhu Lqfrph Pdlqwhqdqfh H{shulphqw/ 893 lqg ly lgxd ov
4<:404<:5 +; txduwhuv,
Jrwwvfkdon dqg Pr! ww SVLG / 5:63 lqg ly lgxdov pdlq o| qrq xqlw urrw
+4<<7, 4<:304<;: rqh fdvh z lwk xqlw urrw
E dnhu SVLG / 867 lqg ly lgxd ov qrq xqlw urrw
+4<<:, 4<9:04<;9 / +53 |hduv, +ihz vshf l fdwlrqv z lwk xqlw urrw,
Fkdpe huod lq dqg SVLG / ;46 lqg ly lgxd ov qrq xqlw urrw lq ohyhov
K ludqr +4<<:, 4<9:04<<4 + 43 |hduv, +exw yhu| forvh wr xqlw urrw,
J hzhnh dqg Nhdqh SVLG / 7:99 lqg ly lgxdov qrq xqlw urrw lq ohyhov
+4<<:, 4<9:04<;<
Xoulfn SVLG / 7:99 lqg ly lgxdov qrq xqlw urrw lq ohyhov
+5333, 4<9:04<;< +vdph gdwd dv J)N,
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WDEOH D4= Suhy lrxv vwxglhv +frqwlqxhg,1
Dxwkru R wkhu
+|hdu, Sur fhvv

Khwhurjhqh lw|
2
ihdwxuhv
Kdxvh PD+4,/ PD+5, lqwhufhsw dqg vorsh
+4<::, ru DU+4, z lwk d xqlw urrw r i w lp h wuhqg
Oloodug dqg Z loolv DU+4, lqwhufhsw edodqfhg vdpsoh
+4<:;, +frpprq idfwru prgho,
O loodug dqg Zhlvv DU+4, lqwhufhsw dqg vorsh xqedodqfhg vdpsoh
+4<:<, +frpprq idfwru prgho, r i w lp h wuhqg
PdFxug| DUPD+3/5,/ DUPD+3/6, lqwhufhsw dqg vors h edodqfhg vdpsoh
+4<;5, DUPD+3/4,/ DUPD+4/4, r i w lp h wuhqg
Derzg dqg Fdug PD+5, lqwhufhsw dqg vorsh ri
+4<;<, wlp h wuhqg
Jrwwvfkdon dqg Pr! ww DUPD+4/4, lqwhufhsw dqg vors h xqedodqfhg vdpsoh
+4<<7, r i djh
Ednhu DUPD+4/5, lqwhufhsw dqg vors h edodqfhg vdpsoh
+4<<:, +frpprq idfwru prgho, r i djh
Fkdpehuodlq dqg DU+4, lqwhufhsw/ yduldqfh dqg edodqfhg vdpsoh
K ludqr +4<<:, +frpprq idfwru prgho, dxwruhjuhvvlyh sdudphwhu
J hzhnh dqg Nhdqh DU+4, lqwhufhsw xqedodqfhg vdpsoh
+4<<:,
X oulfn DU+4, lqwhufhsw xqedodqfhg vdpsoh
+5333,
4 1 Iru xqlw urrwv wkh sur fhvv lv iru wkh  uvw g l huhqfh1
5 1 Iru xqlw urrwv/ khwhurjhqhrxv lqwhufhswv duh doorzhg iru lpsolflw o|1
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E1 Frpphqwv rq Wdeoh D141
Wdeoh D14 vxppdulvhv wkh ihdwxuhv ri whq ohdglqj hpslulfdo vwxglhv ri hduqlqjv
g|qdplfv1 Dowkrxjk pdq| ri wkh vwxglhv xvh wkh SVLG gdwd/ wkhuh duh frqvlghudeoh
glhuhqfhv lq krz wkh vdpsoh lv vhohfwhg +wklv dvshfw lv qrw lqfoxghg lq wkh wdeoh,1
Doo vwxglhv h{fhsw Oloodug dqg Zhlvv +4<:<, irfxv hqwluho| rq pdohv1 Vrph ri
wkh vwxglhv uhvwulfw wkh vdpsoh wr krprjhqrxv jurxsv +h1j1 qduurzhg djh dqg
frkruw jurxsv/ vflhqwlvwv ru kxvedqgv frqwlqxrxvo| pduulhg wr wkh vdph zlih,1 Dv
uhjdugv vdpsoh vl}h/ doo vwxglhv xvlqj d edodqfhg gdwd vhw frqwdlq ohvv wkdq 4833
lqglylgxdov +wkh vpdoohvw vdpsoh frqvlvwv ri 468 lqglylgxdov,1 Wkh xqedodqfhg
vdpsohv duh vrphzkdw odujhu1 Wkh vdpsoh shulrgv ri wkh vwxglhv fryhu d 73 |hdu
shulrg iurp 4<8404<<4/ zkhuh wkh pd{lpxp shulrg ri d edodqfhg gdwd vhw lv 53
|hduv +Ednhu +4<<:,, dqg 55 iru dq xqedodqfhg +Jhzhnh dqg Nhdqh +4<<:, dqg
Xoulfn +5333,,1
Lq wkh wklug froxpq zh olvw zkhwkhu wkh surfhvv frqwdlqv d xqlw urrw1 Zkhq wkh
surfhvv grhv qrw frqwdlq d xqlw urrw surfhvv zh gr qrw qhfhvvdulo| phdq wkdw wkh
surfhvv lv dvvxphg vwdwlrqdu|1 Prvw ri wkh vwxglhv dvvxplqj qr xqlw urrw surfhvv
doorz iru vrph nlqg ri qrq0vwdwlrqdulw|1 Vrph doorz wkdw wkh glvwulexwlrq ri wkh
lqlwldo revhuydwlrq pljkw glhu iurp wkh uhpdlqlqj surfhvv dqg rwkhuv doorz wkdw
wkh yduldqfhv ydu| dfurvv wlph1 Derxw kdoi ri wkh vwxglhv dvvxph d xqlw urrw/ dqg
prvw ri wkhvh ghdo zlwk lw e| zrunlqj zlwk hduqlqjv jurzwk lqvwhdg ri wkh ohyho ri
hduqlqjv +PdFxug| +4<;5,/ Derzg/ Fdug +4<;<, dqg Ednhu +4<<:,,1
Zkhq prghoolqj wkh g|qdplf surfhvv doo vwxglhv h{fhsw Jhzhnh dqg Nhdqh
+4<<:, dqg Xoulfn +5333, xvh d wzr0vwhs surfhgxuh1 Lq wkh uvw vwhs hduqlqjv ru
hduqlqjv jurzwk duh uhjuhvvhg rq d qxpehu ri lqglylgxdo fkdudfwhulvwlfv +h1j1 djh,
dqg wlph gxpplhv/ qrupdoo| xvlqj ROV0hvwlpdwlrq1 Wkhq vxevhtxhqw dqdo|vlv lv
edvhg rq wkh uhvlgxdov iurp wkh uvw uhjuhvvlrq1 Lq pdq| ri wkh vwxglhv wkh huuruv
duh dvvxphg wr iroorz dq DU+4, surfhvv/ zklfk lv htxlydohqw wr dvvxplqj d frpprq
idfwru prgho ri wkh hduqlqjv ru hduqlqjv jurzwk1 Wkh sdudphwhuv ri wkh g|qdplf
surfhvv duh hvwlpdwhg lq wkh vhfrqg vwhs1 Lq Jhzhnh dqg Nhdqh +4<<:, dqg Xoulfn
+5333, wkh lpsdfw ri wkh lqglylgxdo fkdudfwhulvwlfv duh hvwlpdwhg wrjhwkhu zlwk wkh
g|qdplf surfhvv1
Froxpq yh uhsruwv wkh ohyho ri lqglylgxdo khwhurjhqhlw| lq wkh prgho1 Doo
ri wkh prghov doorz iru lqglylgxdo khwhurjhqhlw| lq wkh ohyho ri wkh hduqlqjv1 Lq
vrph ri wkh prghov d wlph wuhqg lv doorzhg wr ydu| dfurvv lqglylgxdov +jlyhq
dq lqglylgxdo vshflf hhfw lq wkh ohyhov wkh wlph wuhqg lv htxlydohqw wr dq djh
wuhqg,1 Ixuwkhupruh rqh vwxg| +Fkdpehuodlq dqg Kludqr +4<<:,, xvhv d prgho
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zlwk khwhurjhqhlw| lq wkh yduldqfh ri wkh huuru whupv1
F1 Wdeohv1
WDEOH = Prqwh Fduor uhvxowv
7 ’  7 ’ 2 7 ’ D
Wuxh ML RL ML RL ML RL
k f ff ffH ffS ff.e ff ff
+vg, EffS Ef. Effe EfDD Eff2 EfeD
j0 D Dff Df Dff Df Dff Df
+vg, Eff2 EfS Eff2 Ef2e Eff Efb
w f f ff f fb f f
+vg, E EfSb Efb2 EfS EfD EfS
phdq+2, S. ee eD   2bH
phgldq+2, Db D ef S f D
ydu+2, eS 2H  fS 2fS 2  fS bf Hf  fS
g1i1 b b b b b b
& uhsolfdwlrqv 0 be 2fe S22
Phdqv dqg vwdqgdug ghyldwlrqv iru sdudphwhu ydoxhv pxowlsolhg e| ff1
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WDEOH 5= Uhvxowv iru xqlw urrw prghov
Dx{loldu| Gdwd Vlpxodwhg prghov
Sdudphwhu Ydoxh 4d 4e 5 6 7 8 9
p+lq, 3=38 3=3: 3=67 3=48 3=65 3=67 3=3; 3=88
+3=5;, ^3=65` ^3=:6` ^3=59` ^3=9<` ^3=:7` ^3=3<` ^4=59`
p+vo, 93=37 97=69 8:=8< 9:=<5 95=6< 95=75 8;=4; 94=8;
+3=9:, ^7=8;` ^5=8<` ^;=66` ^5=7<` ^5=85` ^4=<9` ^4=96`
p+oy, 946=<< 946=<< 86;=74 946=<< 946=<< 946=<< 946=<< 946=<<
+5=:8, ^=` ^4<=78` ^=` ^=` ^=` ^=` ^=`
p+dx, 4=:< 4=:< 6=<6 4=:< 4=:< 4=:< 4=:< 4=:<
+3=7:, ^=` ^6=57` ^=` ^=` ^=` ^=` ^=`
y+lq, 4=98 4=39 4=95 4=59 4=75 4=6; 4=98 4=98
+3=43, ^7=56` ^3=55` ^5=:9` ^4=9;` ^4=<7` ^=` ^=`
y+vo, <=77 9=7; :=;< ;=43 :=3< :=43 :=;3 <=<8
+3=78, ^7=95` ^5=75` ^5=3<` ^6=9;` ^6=99` ^5=89` ^3=;3`
y+oy, 493=;5 4<=86 4<=35 493=;5 493=;5 493=;5 493=;5 493=;5
+7=:;, ^53=<4` ^53=<<` ^=` ^=` ^=` ^=` ^=`
y+dx, 7=89 6=:< 6=59 6=:3 6=8< 6=93 6=:7 7=89
+3=47, ^6=:<` ^9=78` ^7=5:` ^7=:;` ^7=:9` ^7=39` ^=`
f+lq/vo, 8=35 4=:8 5=<: 3=:6 7=3; 6=8< 3=64 4=:8
+6=5<, ^3=:3` ^3=77` ^4=57` ^3=53` ^3=64` ^4=48` ^3=:3`
f+lq/oy, 66=:5 3=;5 7=7< 5=67 6=73 66=:5 66=:5 66=:5
+4=<<, ^45=57` ^46=87` ^45=:;` ^46=49` ^=` ^=` ^=`
f+lq/dx, 7=97 5=8: 4=55 4=<9 4=<5 3=96 6=:: 3=64
+4=;;, ^3=:;` ^4=5<` ^5=7<` ^4=36` ^4=84` ^6=4:` ^4=96`
f+vo/oy, 49=5: 56=;; 54=:9 47=8; :=43 8=4; 45=48 <=5<
+5=75, ^44=:5` ^44=44` ^<=34` ^9=;6` ^9=5:` ^;=63` ^5=37`
f+vo/dx, 4=5: ;=;5 44=3; 4<=<; 9=<: :=44 47=9< 4=<3
+4=;8, ^6=;9` ^7=:6` ^;=47` ^6=49` ^6=54` ^9=44` ^4=55`
f+oy/dx, 5=98 4=8; 8=35 ;=<< 3=39 3=45 :=7< ;=68
+5=45, ^3=69` ^5=89` ^6=;<` ^3=<4` ^3=;8` ^6=6<` ^4=<3`
7:
WDEOH 5 +frqwlqxhg,
Dx{loldu| Gdwd Vlpxodwhg prghov
Sdudphwhu Ydoxh 4d 4e 5 6 7 8 9
ywuhqg 3=6: 3=57 3=75 3=79 3=7: 3=77 3=73 3=7;
+3=36, ^6=7;` ^4=45` ^5=54` ^5=7:` ^4=9;` ^3=:8` ^5=::`
ywuvg 3=63 3=38 3=3: 3=3; 3=43 3=3< 3=44 3=44
+3=38, ^6=63` ^6=3:` ^5=<:` ^5=97` ^5=:<` ^5=87` ^5=8;`
G/ ydu 3=97 3=5< 3=97 3=7< 3=94 3=88 3=8: 3=8;
+3=36, ^<=53` ^=` ^7=43` ^3=<4` ^5=67` ^4=<6` ^4=88`
G/ df4 4;=93 <=;8 4;=93 7=<5 44=88 44=89 48=86 47=3:
+4=59, ^7=<6` ^=` ^:=:3` ^6=<:` ^6=<9` ^4=:5` ^5=88`
G/ df5 4=5< 3=44 4=68 3=47 4=67 4=66 4=74 3=:8
+4=49, ^3=;8` ^3=37` ^3=;9` ^3=36` ^3=36` ^3=3:` ^3=66`
s+5/6, ;:=64 ;5=44 :8=<; ;:=87 ;3=:3 ;7=57 ;3=:3 ;7=<8
+4=75, ^5=8<` ^8=99` ^3=45` ^6=63` ^4=86` ^6=63` ^4=4;`
s+5/49, 8<=56 88=9< 79=<9 84=77 84=53 88=54 87=<; 83=35
+4=;;, ^4=66` ^7=94` ^5=<5` ^6=34` ^4=84` ^4=93` ^6=79`
s+kdoi, 4<=;: 4;=;; 4;=4: 4;=<5 4;=:7 4;=<: 4<=35 4<=35
+3=64, ^5=58` ^6=;9` ^5=48` ^5=8:` ^5=37` ^4=<6` ^4=<6`
JI whvw ;88=;< 4536=:: 7;<=74 743=3: 48:=56 575=79 93=84
gi 53=33 53=33 4<=33 4<=33 4;=33 4:=33 49=33
Qrwhv1 Doo ydoxhv pxowlsolhg e| 4331
+1, @ vwdqgdug ghyldwlrq iru wkh gdwd ydoxh
^w` @ w0ydoxhv iru wkh glhuhqfh ehwzhhq wkh vlpxodwhg dqg gdwd ydoxhv
^1` lqglfdwhv wkdw dx{loldu| sdudphwhu xvhg iru wwlqj
+lq/ vo/ oy/ dx, @ ROV lqwhufhsw/ vorsh/ orj yduldqfh dqg dxwr0fruuhodwlrq
p+1, @ phdq> y+1, @ yduldqfh> f+1/1, @ fruuhodwlrq
*ywuhqg* @ wuhqg ri furvv0vhfwlrq yduldqfh
*ywuvg* @ vwdqgdug ghyldwlrq ri huuruv iurp wuhqg ri furvv0vhfwlrq yduldqfh
*G* @ uvw glhuhqfhg phdq dqg uvw wzr dxwr0fruuhodwlrqv
*s+5/w,* @ suredelolw| ri ehlqj lq wkh erwwrp txlqwloh lq |hdu w/
jlyhq lq erwwrp txlqwloh lq |hdu 5
*s+kdoi,* @ suredelolw| ri ehlqj lq erwwrp txlqwloh iru dw ohdvw ; ri 48 |hduv
*JI* lv wkh fkl0vtxduhg jrrgqhvv ri w whvw vwdwlvwlf
*gi* lv wkh ghjuhhv ri iuhhgrp iru wkh jrrgqhvv ri w whvw
7;
WDEOH 6= Prghov dqg hvwlpdwhv1
Prgho Surfhvv
4 +xqlw urrw, || @ %| . %c|3 zlwk %|Q+3> 
2,
DS*v iru 4d p+oy,> p+dx,
Hvwlpdwhv ri 4d a @ 3=437/ a @ 3=386
DS*v iru 4e Yduldqfh dqg uvw rughu dxwrfruuhodwlrq ri glhuhqfhv
Hvwlpdwhv ri 4e a @ 3=534/ a @ 3=3:<
5 +xqlw urrw, Dv prgho 4 zlwk idw wdlov1
%|Q+3> 
2

, zlwk suredelolw| 3=;
dqg %|Q+3> 
2
2
, zlwk suredelolw| 3=5
DS*v iru 5 p+oy,> p+dx,> y+oy,
Hvwlpdwhv ri 5 a @ 3=386/ a @ 3=347/ a2 @ 3=485
6 +xqlw urrw, Dv prgho 4 zlwk xqfruuhodwhg khwhurjhqhlw| lq yduldqfhv1
%|Q+3> 
2
, zkhuh 
2
oQ+> 2,
DS*v iru 6 p+oy,> p+dx,> y+oy,
Hvwlpdwhv ri 6 a @ 3=457/ a @ 3=398/ a2 @ 3=377
7 +xqlw urrw, Dv prgho 6 zlwk fruuhodwhg khwhurjhqhlw| lq yduldqfhv1
 @ h{s+|,  
DS*v iru 7 p+oy,> p+dx,> y+oy,> f+lq/ oy,
Hvwlpdwhv ri 7 a @ 3=457/ a @ 3=395/ a2 @ 3=365/
a @ 4=64
8 +xqlw urrw, Dv prgho 7 zlwk xqfruuhodwhg khwhurjhqhlw| lq guliwv
|| @  . %| . %c|3 / Q+3> +!,
2
,
DS*v iru 8 p+oy,> p+dx,> y+oy,> f+lq/ oy,> y+lq,
Hvwlpdwhv ri 8 a @ 3=49:/ a @ 3=395/ a2 @ 3=367/
a @ 4=54/ a! @ 3=4<8
9 +xqlw urrw, Dv prgho 8 zlwk khwhurjhqhlw| lq PD sdudphwhu1
|| @  . %| . %c|3 / Q+> +2,
2
,
DS*v iru 9 p+oy,> p+dx,> y+oy,> f+lq/ oy,> y+lq,> y+dx,
Hvwlpdwhv ri 9 a @ 3=47;/ a2 @ 3=5;6 / a @ 3=38</ a2 @ 3=35</
a @ 4=84/ a! @ 3=33:
Hvwlpdwhv ri 9 a @ 3=494/ a2 @ 3=5:9/ a @ 3=394/ a2 @ 3=364/
+Ryhu0lghqwlhg, a @ 4=6:/ a! @ 3=33:
Hvwlpdwhv ri 9 a @ 3=4:5/ a2 @ 3=633/ a @ 3=38</ a2 @ 3=363/
+V @ 53, a @ 4=68/ a! @ 3=33:
7<
WDEOH 6 +frqwg1,
Prgho Surfhvv
: +vwdwlrqdu|, Vwdwlrqdu| surfhvv zlwk krprjhqhrxv DU sdudphwhu1
Prgho 9 zlwk qr xqlw urrw1
|| @  . |c|3 . %| . %c|3
zlwk 2oQ+ h{s+|,> 2,/ Q+> +2,
2
,
dqg  @ +4 , | .   zlwk  Q+3> !,
DS*v iru : p+oy,> p+vo,> p+dx,> y+lq,> y+oy,> p+dx,> f+lq/oy,
Hvwlpdwhv ri : a @ 3=449/ a2 @ 3=56:/ a @ 3=38;/ a2 @ 3=35</
a @ 4=78/ a! @ 3=355/ a @ 3=;<6
; +vwdwlrqdu|, Dv prgho : zlwk khwhurjhqhrxv DU sdudphwhuv1
|| @  . |c|3 . %| . %c|3
 h{s + . 2, @ +4 . h{s + . 2,,
zlwk   Q +3> 4,
DS*v iru ; Dv prgho : soxv y+vo,
Hvwlpdwhv ri ; a @ 3=466/ a2 @ 3=59</ a @ 3=38;/ a2 @ 3=363/
a @ 4=73/ a! @ 3=349/ a @ 5=;</
a2 @ 4=375
< +pl{hg, Pl{wxuh ri prghov 9 dqg :1
Zlwk suredelolw| = || @  . |c|3 . %| . %c|3
 @ +4 , | .   dqg  Q+3> +!,
2
,
zlwk suredelolw| +4 ,= || @ %| . %c|3
DS*v iru < Dv prgho ;1
Hvwlpdwhv ri < a @ 3=47</ a2 @ 3=5:;/ a @ 3=38</ a2 @ 3=363
a @ 4=74/ a! @ 3=368/ a @ 3=<5</ a @ 3=63<
Qrwhv1 +lq/ vo/ oy/ dx, @ ROV lqwhufhsw/ vorsh/ orj huuru yduldqfh/
uvw rughu dxwrfruuhodwlrq1
p+1, @ phdq> y+1, @ yduldqfh> f+1/1, @ fruuhodwlrq1
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WDEOH 8= Uhvxowv iru vwdwlrqdu| dqg pl{hg prghov
Dx{loldu| Gdwd Vwdwlrqdu| Pl{hg
Sdudphwhu Ydoxh : ; <
p+lq, 3=38 3=85 3=7: 3=6<
^3=5;` ^4=4<` ^4=3:` ^3=;:`
p+vo, 93=37 93=37 93=37 93=37
^3=9:` ^=` ^=` ^=`
p+oy, 946=<< 946=<< 946=<< 946=<<
^5=:8` ^=` ^=` ^=`
p+dx, 4=:< 4=:< 4=:< 4=:<
^3=7:` ^=` ^=` ^=`
y+lq, 4=98 4=98 4=98 4=98
^3=43` ^=` ^=` ^=`
y+vo, <=77 :=<8 <=77 <=77
^3=78` ^5=65` ^=` ^=`
y+oy, 493=;5 493=;5 493=;5 493=;5
^7=:;` ^=` ^=` ^=`
y+dx, 7=89 7=89 7=89 7=89
^3=47` ^=` ^=` ^=`
f+lq/vo, 8=35 9=56 5=79 3=3:
^6=5<` ^3=59` ^3=88` ^4=39`
f+lq/oy, 66=:5 66=:5 66=:5 66=:5
^4=<<` ^=` ^=` ^=`
f+lq/dx, 7=97 6=74 5=5: 3=96
^4=;;` ^3=7:` ^3=<3` ^4=<<`
f+vo/oy, 49=5: 48=;7 46=43 5=84
^5=75` ^3=46` ^3=<6` ^7=35`
f+vo/dx, 4=5: 5=64 7=75 4=99
^4=;8` ^4=6:` ^5=4;` ^4=45`
f+oy/dx, 5=98 49=37 45=85 6=;;
^5=45` ^7=7:` ^6=63` ^3=74`
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WDEOH 8 +frqwlqxhg,
Dx{loldu| Gdwd Vwdwlrqdu| Pl{hg
Sdudphwhu Ydoxh : ; <
ywuhqg 3=6: 3=67 3=6< 3=88
^3=36` ^3=<6` ^3=8:` ^7=79`
ywuvg 3=63 3=56 3=3< 3=3:
^3=38` ^3=<6` ^5=:6` ^6=39`
ydu/ G 3=97 3=8; 3=8; 3=8<
^3=36` ^4=96` ^4=7<` ^4=67`
df4/ G 4;=93 47=:: 48=87 46=49
^4=59` ^5=48` ^4=:5` ^6=39`
df5/ G 4=5< 6=7< 5=9: 3=4:
^4=49` ^4=67` ^3=;7` ^3=;<`
s+5/6, ;:=64 ;5=68 ;6=:: ;6=39
^4=75` ^5=7;` ^4=::` ^5=45`
s+5/49, 8<=56 7<=:< 83=59 79=34
^4=;;` ^6=87` ^6=6:` ^7=<9`
s+kdoi, 4<=;: 4;=<5 4<=58 4;=;;
^3=64` ^5=48` ^4=6<` ^5=58`
JI whvw 99=43 89=55 <5=55
gi 48=33 47=33 47=33
Qrwhv1 Vhh Wdeoh 61
85
WDEOH := Uhvxowv iru SVLG gdwd
Dx{loldu| Gdwd Xqlw urrw Vwdwlrqdu|
Sdudphwhu Ydoxh 5 9WWW 43
p+lq, 3=<< 4=69 3=76 3=44
^4=35` ^3=59` ^3=<;` ^3=94`
p+vo, 68=89 73=89 87=<; 68=89
^4=48` ^6=3;` ^44=<8` ^=`
p+oy, 677=;4 677=;4 67;=48 677=;4
^7=48` ^=` ^=` ^=`
p+dx, 6=54 ;=57 6=99 6=54
^3=8:` ^9=5<` ^=` ^=`
y+lq, ;=59 4<=59 <=;: ;=59
^3=:7` ^43=8;` ^=` ^=`
y+vo, 43=6; 48=33 ;=:7 43=6;
^3=7:` ^9=<:` ^5=7:` ^=`
y+oy, 466=;8 5:4=3< 465=;< 466=;8
^9=34` ^49=48` ^=` ^=`
y+dx, 5=87 6=8: 6=57 5=87
^3=4:` ^7=4<` ^=` ^=`
f+lq/vo, 9=69 9=7: 8=75 4=:8
^7=75` ^3=35` ^3=48` ^3=:7`
f+lq/oy, 4:=76 8=5< 48=:8 4:=76
^6=<<` ^5=48` ^=` ^=`
f+lq/dx, 8=:9 7=:9 8=39 5=<4
^6=87` ^3=53` ^3=47` ^3=8:`
f+vo/oy, 48=;: 49=;5 :=<5 9=56
^6=79` ^9=9;` ^7=;9` ^4=<:`
f+vo/dx, :=3: 5<=96 48=4< <=54
^6=;:` ^7=45` ^4=7;` ^3=6<`
f+oy/dx, :=68 53=45 :=5: 3=37
^6=94` ^8=6<` ^5=;:` ^4=76`
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WDEOH : +frqwlqxhg,
Dx{loldu| Gdwd Xqlw urrw Vwdwlrqdu|
Sdudphwhu Ydoxh 5 9WWW 43
ywuhqg 3=;; 6=65 7=6: 3=:<
^3=49` ^44=35` ^48=:<` ^3=77`
ywuvg 4=85 5=5: 3=<6 4=3;
^3=6<` ^4=67` ^4=39` ^3=:<`
ydu/ G <=<5 <=<5 :=96 <=78
^3=8;` ^=` ^5=:<` ^3=8:`
df4/ G 68=9: 68=9: 56=39 69=:<
^4=6:` ^=` ^9=84` ^3=8;`
df5/ G 4=7: 3=7< 3=93 3=56
^4=97` ^3=;7` ^3=;<` ^3=86`
s+5/6, :3=3; :4=<: :8=:9 :4=67
^6=39` ^3=77` ^4=64` ^3=5<`
s+5/49, 78=78 7:=<; 86=99 76=89
^6=58` ^3=88` ^4=:<` ^3=74`
s+kdoi, 49=74 4;=76 4;=76 4:=38
^3=99` ^5=48` ^5=48` ^3=9:`
JI whvw 9;3=;5 764=54 43=6<
gi 4<=33 49=33 47=33
WWW Prgho 9 glg qrw frqyhujh +vhh wh{w iru ghwdlov,1
87
G1 Gdwd ghvfulswlrqv
G141 Wkh Gdqlvk Gdwd
Lq wklv sdshu zh xvh wzr glhuhqw gdwd vhwv1 Wkh uvw gdwd vhw frphv iurp wkh Gdqlvk
uhjlvwhu gdwd vhw/ zklfk frqwdlqv lqirupdwlrq rq wkh Gdqlvk srsxodwlrq1 Rxu pdlq gdwd
vhw frqvlvwv ri 544< phq zlwk d yrfdwlrqdo wudlqlqj/ zkr zh iroorz iru wkh shulrg 4<;40
4<<91 Zh vhohfw vr wkdw doo wkh vdpsoh kdyh ehhq ixoo wlph hpsor|hg lq doo 49 |hduv dqg
frqwlqxrxvo| pduulhg wr ru frkdelwlqj zlwk wkh vdph vsrxvh gxulqj wkh vdpsoh shulrg1
Wkh vdpsoh lv uhvwulfwhg wr phq djhg 6306< lq 4<;41 Wkh qdo vdpsoh lv d edodqfhg
vdpsoh zkhuh doo lqglylgxdov duh h{dfwo| revhuyhg lq 49 |hduv1
Wkh lqfrph yduldeoh lv ghqhg dv jurvv dqqxdo hduqlqjv1 Wklv yduldeoh lv ghqhg rq
wkh edvlv ri lqirupdwlrq iurp wkh wd{ dxwkrulwlhv dqg lv wkhuhiruh yhu| uholdeoh1 Wklv
phdqv wkdw phdvxuhphqw huuruv duh qrw olnho| wr eh d pdmru sureohp xvlqj wkh Gdqlvk
gdwd1 Dyhudjh uhdo hduqlqjv iru rxu vdpsoh lqfuhdvhv derxw 58( ryhu wkh gdwd shulrg1 Dv
lq prvw ri wkh suhylrxv vwxglhv ri lqfrph g|qdplfv zh xvh d wzr0vwhs surfhgxuh wr zkhq
hvwlpdwlqj wkh lqfrph surfhvv1 Lq wkh uvw vwhs orj dqqxdov hduqlqjv duh uhjuhvvhg rq
lqglylgxdo fkdudfwhulvwlfv dqg wlph gxpplhv1 Lq wkh vdpsoh ri phq zh xvh djh dqg djh
vtxduhg/ h{shulhqfh dqg h{shulhqfh vtxduhg dqg wlph gxpplhv dv h{sodqdwru| yduldeohv1
Wkh glvwulexwlrq ri h{shulhqfh lv suhvhqwhg lq Wdeoh G41
Wdeoh G4= Wkh Glvwulexwlrq ri h{shulhqfh1
H{shulhqfh lq 4<;4 Qxpehu lq vdpsoh
Ohvv wkdq 9 |hduv :
90; |hduv 5:
<044 |hdu 567
45047 |hduv 933
48049 |hduv 85<
4: |hduv ru pruh :55
Wrwdo 544<
G151 Wkh SVLG gdwd
Wkh vhfrqg gdwd vhw lv d vxevdpsoh ri wkh SVLG1 Wr pdnh wkh gdwd dv frpsdudeoh dv
srvvleoh zh kdyh khuh uhvwulfwhg wkh gdwd vxfk doo wkh lqglylgxdov duh lq wkh vdpsoh iru
h{dfwo| 49 |hduv1 Wkh vdpsoh frqwdlqv :<5 phq zkr duh djhg ehwzhhq 53099 lq wkh
vdpsoh shulrg561 Wkh| doo uhsruw srvlwlyh hduqlqjv dqg srvlwlyh zrunlqj krxuv lq doo 49
|hduv1 Ixuwkhupruh wkh| duh frqwlqxrxvo| uhsruwhg dv wkh khdg ri krxvhkrog dqg pduulhg
ru frkdelwlqj1 Wkh gdwd vhw lv edodqfhg lq wkh vhqvh wkdw doo lqglylgxdov duh revhuyhg
56
Lq rughu wr jhw d vdpsoh ri d uhdvrqdo vl}h zh gr qrw olplw rxu vhoyhv wr d qduurz djh jurxs1
88
wkh vdph qxpehu ri wlph shulrgv/ exw wkh| pd| eh revhuyhg lq glhuhqw fdohqgdu |hduv1
Wkh hqwluh revhuydwlrq shulrg lv iurp 4<9; wr 4<<5/ zkhuh 7:: lqglylgxdov duh revhuyhg
lq 4<9;/ doo lqglylgxdov duh revhuyhg lq wkh shulrg 4<::04<;6 dqg rqo| 76 lq 4<<51 Wklv
gdwd vhw lv d jrrg ghdo ohvv krprjhqrxv frpsduhg wr wkh Gdqlvk gdwd vhwv lq vhyhudo
dvshfwv= pruh yduldwlrqv lq zrunlqj krxuv/ zlghu djh jurxs dqg fryhuv glhuhqw fdohqgdu
|hduv1 Rq wkh rwkhu kdqg wkh vhohfwlrq rq ehlqj lq wkh vdpsoh iru dw ohdvw 49 |hduv zlwk
srvlwlyh hduqlqjv lq hyhu| |hdu dqg ehlqj frqwlqxrxvo| pduulhg phdqv wkdw rxu vdpsoh
lv suredeo| pxfk pruh cvwdeoh* wkdq vrph ri wkh rwkhu vdpsohv xvhg lq suhylrxv vwxglhv1
Wkh hduqlqjv yduldeoh lv ghqhg dv wrwdo dqqxdo oderxu pdunhw lqfrph ri wkh khdg1 Wklv
yduldeoh lv vhoi0uhsruwhg dqg fruuhvsrqgv wr wkh |hdu ehiruh wkh lqwhuylhz |hdu1
Wr pdnh wklv gdwd vhw frpsdudeoh wr wkh Gdqlvk rqhv/ zh xvh wkh wzr0vwhs surfhgxuh1
Wkh orj hduqlqjv duh uhjuhvvhg rq djh/ djh vtxduhg/ hgxfdwlrqdo gxpplhv dqg |hdu
gxpplhv1 Lq wkhWdeohv G5 dqg G6 zh suhvhqw wkh glvwulexwlrqv ri djh dqg hgxfdwlrqdo
dwwdlqphqw lq 4<::1
Wdeoh G5= Wkh Glvwulexwlrq ri djh
Djh lq 4<:: Qxpehu
53057 58
5805< 44;
63067 478
6806< 466
73077 439
7807< 446
83087 434
8808< 7:
93097 7
Wrwdo :<5
Wdeoh G6= Wkh Glvwulexwlrq ri hgxfdwlrqdo dwwdlqphqw
Hgxfdwlrqdo dwwdlqphqw lq 4<:: Qxpehu
fdq qrw uhdg 9
308 judghv 44
90; judghv 95
<044 judghv 439
45 judgh 6:9
froohjh ghjuhh 564
Wrwdo :<5
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